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Abstract We propose a new algorithm for the computation of Willmore 3ow. This

is the L2-gradient Row for the Willmore functional, which is the classical bending
energy of a surface. Willmore Bow is described by a highly nonlinear system of PDEs
of fourth order for the parametrization of the surface. The spatially discrete numerical
scheme is stable and consistent. The discretization relies on an adequate calculation of
the brst variation of the Willmore functional together with a derivation of the second
variation of the area functional which is well adapted to discretization techniques with
Pnite elements. The algorithm uses Pnite elements on surfaces. We give numerical
examples and tests for piecewise linear bnite elements. A convergence proof for the
full algorithm remains an open question.

Mathematics Subject Classification (2000) 35K55- 65M15- 65M60

1 Introduction
The purpose of this work is to derive a bnite element method for the evolution of

n-dimensional surfaces according to Willmore Row. Willmore Row is if¢l)-
gradient Bow of the Willmore functional

W(X) = %/HZ, (1.1)
r
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for a smooth, immersed, orientable, closeddimensional surfacd”, which is
parametrized locally by : @ — T in R"*! with parameter domai®2 c R”.
HereH = k1 + - - - + «,, denotes the mean curvatureldfThe brst variation of(.1)
in the direction ofd : @ — R**1 s given by

d
(W (X), D) = —8’8=0W(X+5<I>) (1.2)

1
Z_/Q.V(AFH—§H3+H|H|2),

wherev is the normal tol' and Ar is the LaplacebBeltrami-operator d&h The
orientation is taken such thaf is positive for spheres and the normal points away
from the origin.|H|? = «? + - - - 4 «2 is the square of the second fundamental form.
For a derivation of this formula, se2]]. One part of this paper will be a derivation
of the brst variation, which is well adapted to variational discretization techniques.

Given an initial surfac&, the Willmore Bow problem then is to bnd surfat&s),
locally parametrized bX = X (-,7) : Q — ['(¢) for¢ € [0, T) with I'(0) = I'p and
satisfying the system

X, = —W(X). (1.3)

The system1.3) is a nonlinear system af+ 1 degenerate, strongly coupled parabolic
partial differential equations. Starting from the initial valig, which parametrizes
the initial surfacel’g, one has to determin& : Q x (0, 7) — R"*1 such that
X(-,0) = Xpand

1
X; 4+ A2X + (2|vpu|2 — E|AFX|2) ArX = 0.

Here Vr is the tangential gradient on the surfdceNote that alsoAr and Vi are
nonlinearly depending oX.

Information about the geometric properties of the Willmore functional are contai-
ned in the book by WillmoreZ1]. Simonett proved inZ0] that a unique local solution
of (1.3 exists provided thalp is a compact, closed, immersed and orientable two-
dimensional’%*-surface ifR3. The solution exists globally in timeifo is sufbciently
close to a sphere i6%®. Using different methods, Kuwert and SchStZ€] obtai-
ned global existence of solutions provided ttfpg(;q — k)2 is sufbciently small.
They were subsequently able to remove the smallness assumption and to prove global
existence of a smooth solution of Willmore Row provided thatXo) < 16, where
I'o = Xo(S?) (see [L7]). Note that our dePnition differs from the one used][for
two-dimensional surfaces by a factor of 2. The numerical evidencggbifjdicates
that the above condition is optimal in the sense that the Bow develops a singularity if
the initial surface has energy greater than 16

The numerical approach to the parametric Willmore 3ow problem started with the
work [14], in which BrakkeOs surface evolver was applied to the Willmore functional.
In [18] a Pnite difference scheme was derived to approximate axisymmetric solutions
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of Willmore Bow. Rusu derived inl[] a variational form which used a mixed method
with position and mean curvature vector as independent variables and allowed the
use of piecewise linear bnite elements for the spatial discretization. This approach
was extended in3] to surfaces with boundaries and applied to problems in surface
restoration. A generalization to anisotropic Willmore Bow is containe®]inA dis-
cretization for the parametric Willmore functional, which is based on principles of
discrete geometry, is presented 2. [

The computational method depends on the mathematical model which is chosen
to represent the surface or interface. In applications all models appear: parametric
surfaces, implicit surfaces (level set) and graphs. Let us mention some works on the
numerical treatment of the Willmore Bow problem using other surface models than the
parametric one. Inq a level set formulation for Willmore Bow was derived. The paper
[4] contains a convergence proof and error estimates for the Willmore Bow of two-
dimensional graphs. A variant of the Willmore functional is the MumfordbShahbEuler
functional in image processing 3|. The Willmore functional also plays a decisive
role in modelling cell membranes in biolog§][and in materials science.

Willmore RBow for curves is normally called elastic Row of curves. There are nume-
rous results concerning the numerical treatment of this problem. We meitlbn [
and [1].

For a survey of discretization techniques for geometric evolution problems we refer
to [5].

The paper is organized as follows. We begin in S2etith concepts of elementary
differential geometry. There we also introduce the concept of the tangential or surface
gradient. This concept is essential for our discretization of Willmore 3ow. It is to the
effect that in the end we use tangential gradients of functions debned on polyhedral
surfaces. The advantage then is that on each simplex (trianglefd?) of the discrete
surface the tangential gradient is a cartesian (planar) one. Thus the implementation is
similar to a planar Pnite element method. Only the nodes of the triangulation-re
dimensional instead of-dimensional. This method was introduced & for linear
elliptic PDEs on surfaces, used ih(] for the computation of mean curvature 3ow
and extended to linear parabolic PDEs on evolving surfacd®]nThe application of
these discretization techniques to the Willmore Bow problem is described inSSect.
Section3 provides basic properties of the Willmore functional. Here we calculate
the brst variation of the functional in a form which is essential for the discretization
by Pnite elements. In Seet.we formulate the Willmore 3ow problem with the use
of the formulas obtained in the previous sections. Then we discretize the Willmore
functional with piecewise linear Pnite elements and prove consistency in6S&be
algorithm for Willmore Row and its stability in natural norms is contained in Séct.

We provide numerical tests and examples in S@cwhich conbrm our theoretical
results.

2 Notation

Throughout this paper we assume that R"*1 is a smooth, orientable, connected
and compact hypersurface without boundary. We assumé tlsahs smooth as will
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be needed but at most®1. For numerical purposes we will use the notion of the
tangential or surface gradient of a function. S&d ] for a more detailed exposition
of this material. The tangential gradient 6f: ' — R on the surfac& with normal

v is debned as

Vef=Vf—=Vf-vv= (V)1 fi....(VD)uy1 f) - (2.1)

HereV denotes the+1-dimensional gradient. The tangential gradientis the projection
of the gradient in the ambient spadg; f = PV f, with the projection

Pij=206;j—vv; G, j=1....,n+1). (2.2)

The evaluation of the tangential gradient thus requires an extensjpmed a neigh-
bourhood of the surface, which for smodtls easily obtained. The tangential gradient
only depends on the values gfon the surface.

The LaplacebBeltrami-Operator Bris dePned as the tangential divergence of the
tangential gradient:

n+1
Arf=Vr-Vrf =Y (Vr); (Vr); f. (2.3)
i=1
The principal curvatures;, (i = 1, ..., n) of I" are the nonzero eigenvalues of the

symmetric matrix (extended Weingarten map or Oshape operatorQO)
Hij Z(VFV)ij:(VF)i vi @,j=1...,n+1). (2.4)

Mean curvature then is the trace of this matrix:

n
H =traceH = »_«;.
i1

Note that this differs from the more common depPnition by the factém important
equation which will be used extensively in the algorithms is

— Aridr = Hv, (2.5)

where clearly igt(x) = x for x € . Let us also mention that for the identity map on
I we have the relation

Vr sV = Vrid[‘ . Vrv (26)
for any smooth functiom onT.
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We recall that the formula for integration by parts on the surface

[ver=[savs [ u (2.7)
r r ar

with the conormal vector onaI". For closed surfaces the boundary is empty and the
last term in R.7) vanishes. For more details we refer . [

Since we want to treat immersioistoo the notion of tangential gradient has to
be understood in a localized sense. At a self intersection of the surface it then is clear
from the parametrization which normal has to be chosen for the computation of the
tangential gradient.

For later use we write the quantities which we introduced above in a more differential
geometric setting. For this we assume thas given locally by some diffeomorphism
X : Q — I' N U with an open set/ ¢ R"*! and some parameter domanc R™.
We use the notatioX = X (0) with 0 € Q and introduce the standard notations

8ij = X@i -Xo,, g= det(g,'j) (,j=1,...,n) (2.8)

for the induced metric and uppering of indices denotes the inversion of the matrix:

,,,,,

Then it is easily shownd], that for functionsy : ' - R, v : I’ > RandU®#) =
u(X(@©)), V(@) = v(X()) one has

(Vru) o X = " Uy, Xg,, ((Vr),u) o X = g" Uy, X}, (2.9)
(Vru - Vrv) o X = g Uy, Ve, (2.10)

and

1 .
(Arwo X = == (VEgUy),
where here and in the following we use the convention that we sum over doubly
appearing indices.

For(n+ 1) x (n + 1) matricesA andB we denote by : B = Zf}“il A;;jB;j the
matrix scalar product. A dot means the euclidean scalar product of vegtobs=

Z?;r]j_' aibi.
3 The Willmore functional

As mentioned earlier it will be convenient to work with the identity map on the surface
I'. We debne: : I' — R"+1 by

w(X(0)) =idr(X(©®)) = X(©), 0cQ.
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The Willmore functional is debned as

Iwmzé/H? (3.1)
r

Following the calculations ird[1] the prst variation of the Willmore functional atin
the direction ofp : I' — R"*1 s given as

(W), p) = —/€0~v (ArH - %H3+H|H|2),
r

where|H|? = |Vrv|2 = k2 + ... + «2. For two-dimensional surfaces this can be
written as

(W (W), ¢) = — / o (ArH + %H3 _ 2HK)
I

with Gaussian curvaturg = «k1x2. We mention that the terr K will be a problem
for discretization techniques because it is not a divergence termNin contrast to

In the following we derive a form of the prst variation of the Willmore functional
which is well adapted to discretization techniques using bnite elements. Terms like the
Gaussian curvature for two-dimensional surfaceg-if for n-dimensional surfaces
will not appear in the Pnal formula because we will not use integration by parts on the
surface.

For the proofs we shall use the classical differential geometric notation of charts.
The notation with tangential gradients then has to be understood up to a partition of
unity on the surfacé'.

We start with the brst variation of the area functional

Mw=/L (3.2)

r

whereu is the identity map of". The formal setting is as follows. We set
Xc(0) =X(0)+ed(®)

foro € Q, whered : @ — R"*1is smooth and vanishes nex®. Consequently, we
write ue (X (0)) = Xe(0) andp(X (0)) = ®(0), so that

UeoXe =uoX+epoX on Q.
With I’ = X (2) we then have the following lemma.
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Lemmal The first variation of the area functional at u = idyr in the direction of
¢ : T — R""L s given by

d
(A'(w), @) = JcAlue)

o =/Vr X0 =/Vru : Vro. (3.3)

r r

Proof We debPng, = det(g ;;) with g¢ ;; = Xcq, - Xeo,- Then the well known Euler
relation for the derivative of the determinant gives

0 i
— =g Xy - Oy, A4
Bl _ = &Ko - ¥, VB (3.4)
and so
L s —d‘ VEedo = | g7 X, - g, /g db
de e e=0  dele=0 fedv = | 8720 R0V E
Q Q
:/Vr-(p:/VrMingo.
r r
The last two equalities follow fron2(9) and @.6). O

We calculate the second variation of the area functional in a form which is well
adapted to our numerical purposes. Here itis essential that no derivatives of the normal
appeat, since in our numerical schemes the normal of a discrete polygonal surface will
be piecewise constant and discontinuous.

Lemma 2 The second variation of the area functional at u = idr in the directions ¢
and ) is given by

A" (u)(p, V) (3.5)
= —/ (VD) ¢" (Vr), ¥* + / Vv Vre' - Vry” +/VF ~oVr - Y.
T T T

Proof Obviously for the second variationain the direction ofp we have from3.3)
with ¢ :gooXoXe_1

ij re
de GZO/gE X€9,' : CDQJ' 8e do
e Q

d d
A" - Vi - - —
) (g, ¢) de ‘620/ Te " Pe

The equatiorgékgekj = §;; leads to

dgt

5 leco = —g”gkj (Xek - Py + X, - <I>9k) .
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We use this equation together witB.4) and the fact thak. = X + ¢® and get

A'w) (g, ) = — / "'¢" (Xg, - ®o, + X, - g, ) Xo, - Po, /5 d0
Q
+/gij(D9,- : Cbej\/§d9 +/ ginQi ) (Dngle@k - ®g /g db. (3.6)
Q Q

We rewrite this equation in terms of tangential gradients. First2) (

8" X, - ©g,8" Xy, - @ = ((Vr - 9) 0 X). 3.7)
Also,
il ij q> X q> il k]Xr qDF XS s __ ile q>r k]Xr cDS
8 8 Ao - Ro Ao - Po; = 8 87 A, Py, Po; = 6; 00 8 26, P;
= ((Vr)g¢") o X ((Vr), ¢*) 0 X, (3.8)

and Pnally because of
gingngl = 8,5 — VyVg
we have from2.10

—g''g" Xy - Dy, Xo, - Dy, + 8" dy, - Dy, = Vrvsgqu)gk @, (3.9)
= VrVs (Vrfﬂs : VF(pr) oX.

We now insert the result8(7), (3.8) and @.10 into (3.6) and get

A" () (g, ¢)

= —/(Vr)s " (Vr), ¢S+/v,vsvr(p5.vr<p’+/(vr .<p)2. (3.10)
r r r

Polarization of the symmetric bilinear forat' () then implies the claim of the lemma.
O
The main idea of our method is to use a weak form of the negative mean curvature
vectorv = Aru = —Hv € L")t with u(x) = x as second independent variable.
We debne weakly by

/v Y +/Vru :Vry =0 vy e HY(I)"L (3.11)

r r
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Note that this equation can be understood as debmiag theL2-projection of the
functionalAru. Or as

. Wzry = —(A'@w).y) Yy e HH(D)"H

with the area functionad.

Lemma3 Let v be the L2(T)-projection of the first variation of area A according to

/v . —I—/Vru :Vry =0 V¢ e HY(I)' . (3.12)
r r
Then the first variation of the Willmore functional at u = idr in the direction of ¢ is

given by

, 1
(W), ) = —5/ |v|2Vr “Q —/Vrv : Vro

r r
—/Vr -vVr - @ +/D(<p)Vru : Vro, (3.13)
r r

where D is the symmetric tensor
D(@)ij = (Vr)i ¢! + (V)¢ G j=1....n+1). (3.14)

Here ¢ : T' — R™ Y is an arbitrary variation in space.

Obviously we could replacB (¢) by the matrixP D (¢) P, which maps tangent vectors
into tangent vectors, because the last tern8ifid can be rewritten as

D(¢p)Vru : Vrv = D(¢)PVru : PVrv = PD(¢)PVru : Vru.

In our calculationsD will always act between tangent spaces and so we will use the
dePnition 8.14.

Proof From Lemmal we have

d
(W), ) = 7 Wue)

_1d/| |2‘
e=0  2de ve e=0

Le
V¢ 1 2
= . - Vr - o,
/v de e=0+2/|v| r-¢
r

r

(3.15)

wherev, is dePned by

/ Ve -V + (A'(ue), ¥) =0 Vy € HY ()"

Fe
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We differentiate this equation with respecttate = 0 using 8.12, Lemmasl and
2 and arrive at the relation

86 Vi
/—; -¢+/v~1ﬁVr-<p+A(u)(<p,1/f)=0-
€ le=0

r r

/ 0Ve
o€
r

= / ((Vr)s@" (Vr), ¥ = v Vrg® - Vry” — Vi - oVr - ¢).
r

or

B '¢+U'¢VF-€0)

e=0

We rewrite the term under the second integral in this equation,

(Vr)s ¢" (V) ¥* —vp05Vre' - Vry”
= ((Vr)y ¢ + (Y1), ¢°) (Vr), ¥* — Vre : Vryr
—vpvs (V)i ¢* (V) )
= D()si (Vr); ¥* — vrvsD(@)is (V1) ¥ — Vre : Vry
= D(@)si (6sr — vrv5) (V)i ¥ — Vro : Vry
= D(@)is (Vru)s (Vo) — Vro : Vry
= (D(@)Vru);, (Vr¥);, — Vre : Vry
= D(¢)Vru : Vry — Vro : Vri,

where we have useq (Vr), ¢’ =v - Vr¢' =0, and get

/(81}6
de le=
r

—/ (D((/J)Vru : V[‘Iﬂ — Vro: V[‘Iﬂ —Vr.-¢Vr- lﬁ) =0.
r

0'¢+U'WVF'§0)

Now insertyr = v into this equation and deduce the formula

av,
/—€ 'v=—/|v|2Vr~¢—/Vr<p:Vrv—/Vr‘er~¢)
de le=0

r r r r
+/D(§0)Vru : Vro.
r
We use this equation irB(15 and have proved formul&(13). O
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4 Willmore flow
Willmore Row is theL?(I")-gradient Bow for the Willmore functional. We assume

that the evolving surfacds(¢) are smooth in space and time and that all the quantities
which we shall use make sense. It is convenient to use the topological cylinder

Gr = U T'@t) x {t}.

te[0,T]

Assume that for eache [0, T'] the surfacd™(¢) is regularly and smoothly parametri-
zed locally byX = X (0, 1), 0 € Q. Denote byu : Gr — R+ the function

u(X@,1),t)=X@0,t), 6, te[0,T]
For a functior : Gr — R the quantity) denotes its material derivative,
n=mn+V-Vn, (4.2)
whereV is the velocity of the surfacE(r) given by
V(X(@,1),t) = X:6,1)
andVy is the usua(n + 1)-dimensional spatial gradient of a smooth extensiomn tof
a neighbourhood afi 7. Apparentlyn(X (-, t), t) is the time derivative of the function

n(X (-, 1),1). Note that 4.1) implies that the material derivative of the identity map
u(x, 1) =idr)(x) = x for x € I'(¢) is the velocity. We have that

W(X(©,0),0) = (u + V- Vu)(X(©0,1),1)
and since:; = 0 andVu(x) = I with the unit matrix/ this gives
W(X©O,1),1) =X,0,1).

Problem 1 (Willmore Bow) For a given surface To C R**1 determine a family of
smooth surfaces (I'(t));ef0,71 with I'(0) = I'o, which move according to the law

= _W/(u)s

which has to be interpreted as

/b't cp=—(W'(u), ¢) (4.2)
r

for every test function ¢ and on the time interval (O, T'].
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The Willmore Bow problem is a highly nonlinear, degenerate parabolic systerm bf
PDEs of fourth order. In order to avoid!-elements in a bnite element method we
write the problem in a mixed form, i.e. we use second order splitting. The results of the
previous section and specially Lemallow the mixed formulation of the Willmore
Bow problem forr-dimensional surfaces in a way which is applicable to piecewise
linear bPnite elements.

Problem 2 For given initial surface T'g and ug = idr, determine u, v : Gt — R+
such that u = idr, u(-, 0) = ug on I'g, and

/L't~(p—/Vrv:Vrg0+/Vrv:D(go)Vpu

I I I
1
—/VF~UVF'¢—§/|U|2VF'§0=0, 4.3)
r T
/v-l//—}—/Vru:er:O 4.4)
r I

on the time interval (0, T and for all o, ¥ : G — RrHL,

5 Discretization

The smooth surfac& is approximated by a polyhedral surfaEg. It consists of
nondegenerate-simplicesT}, in space (triangles for = 2)

Ly = U Ty,

T,€Ty

which form an admissible triangulation. By (j = 1, ..., N) we denote the vertices
(nodes) of the triangulation. The Pnite element space is:

Sp(t) = {n € COTR)" iz, € PUT)" ™, Ty € Th).

Itis spanned by the usual nodal ba$jgr) = sparigs, . .., py ) T with¢; (a; (1), 1) =
8;j. The spatial discretization of Proble2mow can be written as follows:
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Problem 3 For given initial value upo € Sy (0) determine up(-, 1), va(-,1) € Sp(t)
such that up (-, t) = idr, () and

/b'th X7 —/Vrhvh 2 Vr,on +/Vl“hvh : Dyp(op)Vr,up

Ty Ty Ty
1
—/Vrh RV, - op — 5/ lon|®Vr, - on =0 (5.1)
'y 'y
/vh Y +/Vrhuh S Vr, s =0 (5.2)
Ty I

for all oy, Yy, € Sp(t) and fort € (0, T1.

Note that now
Di(en)ij = (Vr,); 00+ (Vry) ;0 Goj=1....n+1)

and the dot stands for the material derivative with respect to the piecewise linear
velocity Vy, (x, 1) = Zyzl a;j(t)¢;(x,t) of the discrete surface.

6 Consistency

Inthis section we prove that the Willmore functiondll) is consistently approximated
with piecewise linear Pnite elements. It is well known that the mean curvature vector
itself is not approximated. Nevertheless the use of an adequate Ritz projection will
lead to consistency.

We assume that e €31 is a hypersurface as in Seét.Let I';, be a piecewise
linear approximation of* which represents an admissible triangulation as in Sect.
with vertices sitting on the smooth surfateWe also assume thatis the maximal
diameter of a simplef}, € 7;, and that the inner radii of the simplices are bounded
from below bych with some positive constart The smoothness df implies that
there exists a strip

Us = {x e R"||d(x)| < 8)
aroundr” such that each € U can be written as
x =a(x)+dx)v(a(x))
with the oriented distance functiahof I anda(x) € I'.
We assume that the triangulati@pis such thal", c Us and for each point € T’
there is at most one pointe I'j, with a = a(x). This assumption excludes a possible

double covering of the smooth surfaCeby the discrete surfacg, and implies that
a : T, — T is a bijective map. For an example see Fig. 11i#][
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For a functionz debned on the discrete surfacg we debne its liftz! onto the
continuous surfacg by

Z(ax) = z2(x), x €Ty
The inverse process is denoted (bﬁ/) o z. The lift of the Pnite element space
Sh = {n € COw)" iy, € PL(T)"*, Th € Th)
will be denoted by
Sy = {n'ln € Sp).
For later use note that the approximation of the geometry of a given smooth dtitigce
the discrete surface was studiedd1[2]. The following lemma lists the approximation

properties of the discrete surfatg. For a proof we refer tad, Sect. 5], see alsd P,
Lemma 5.1].

Lemma4 Assume that I and Ty, are as above. Then for the distance between conti-
nuous and discrete surface we have the estimate

|l ooy < ch?. (6.1)

The quotient &y, between the smooth and discrete surface measures dA and d Ay,
defined by 6p,d Ay = dA, satisfies

sup|l — 8| < ch?. (6.2)
1-‘h

Let P be as in (2.2) with the discrete analogue Py ;; = 8;j — vu,ivp, j, and H as in
(2.4). Then for the matrix R, = éP(I — dH) P,(I — dH) we have the estimate

sup|(I — Ry)P| < ch®. (6.3)

I

Note that the gradients between smooth and discrete surface are related by
Vr,z = Po(I — dH)Vrz!(a)

for a functionz which is debPned on the discrete surfdge The previous lemma
then implies that thé.2- and H-norms on the discrete and continuous surfaces are
comparable. In order to prove a consistency result for the Willmore functional we shall
need a suitable interpolation. The following lemma is taken from Lemma 4 iiof

n = 2. The generalization toe = 3 is easily obtained.

@ Springer



Computational parametric Willmore Bow

Lemma5 Assume that I and T, are as above and n < 3. Then for given z € H3(I")
there is an Iz € Sil such that

Iz = Inzliz2qry + AIVE (2 = D)l 2y < Ch2||Z||H2(r)~ (6.4)

We are now in a position to prove the consistency of our discretization. We will use
a Ritz projection for the debnition of the discrete Willmore energy. Theoretically we
could choosey;, € S, for given discrete surfacg, as the solution of

/Vrhuh SV, Ui :/vru:vmp;, Yy, € Sh, /uh :/u,
ry r ry r

whereu(x) = x for x € I". But then we would have to compute integrals over the
smooth surfac&. In the next theorem we will introduce a projection which is more
useful in practice. For the projectiof.p) we will only need to compute the projection
of barycenters of the simplicdg c I'j, onto the smooth surface, if we use a modest
integration formula. This is easily done numerically.

Theorem 4 For a given smooth, n-dimensional (n < 3) surface " € C3lietu = idr.
Let Ty, be a corresponding discrete surface as above. Let uj, € Sy, be the solution of

/Vrhuh 2V, ¥ Z/Vrhuil : Vrhlﬂh,/uh =/u71. (6.5)
I I

Iy Ty
Sfor all i, € Sy. Then for vy, defined by (5.2) and h < hg we have the estimate
o = vjll 2y < ch. (6.6)

and for the discrete Willmore functional

1 2
Wun) = §/|vh|
Ty

we obtain the estimate
W (u) — W(up)| < ch?.

The constants ¢ depend on ||v|| g2y and on the fourth derivatives of the parametri-
zation of the surface T.

Proof For arbitraryy;, € S, we have by depbnition that

/v-wi - —/VFM Vel (6.7)

r r
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Again by debnition together witt6(5) one obtains
/vh Y = —/Vrhuh SV, Yn = —/Vrhlfl SV, Y. (6.8)
'y Iy 'y

The difference of continuous and discrete curvature vector then can be estimated as
follows:

/(v—vL)-x/f,é=/v-w;€—/vh-whsh

r r Iy
Z—/VFMZVrl/f}Il—l-/Vrhu_l:Vrhlﬂh —i—/vh-lﬂh(l—(sh)
r Iy 1A
=—/VruZVFI/f}Il—i-/RinMZVFI/f;ll-i-/Uh'l/fh(l—Bh)
r r Iy
== [ = Rpvru: vevl+ [ o= o)
r I

Schz/Ilef,lll—i-Chz/|Uh||1/fh|~
r W)

This implies that for every;, € S, we have

/(v—vip.w,i Sch2/|vrw,i|+ch2/|vL||w,i|. (6.9)
I I r

And from this estimate we deduce &4-bound for the difference betweerandv! .
The splitting

/|v—véf=/<v—v£,>~(v—Ihv)+/(v—v§1)-(1hv—v§1>
I r I

allows us to usef.9) and with an inverse estimate together with the interpolation
estimates from Lemmawe get

= lZamy < v =vhllzqllv = vl 2
2 2
+ ch®||Vr (Inv — vi) |l gy + eh?I1v) | 2y kv — V)1l 2

< v = vz v = vl 2y + chllIny = vjll 2y
+ ch? (Ilv - U2||L2(r) + ||U||L2(F))

x (I = Dol + o = vhllzq )
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< ch (L4 vllgamy) v = vl + ch?lv = v 17,

+ ch* vl 2y X+ [0l g2gry) + ch3l1vll 2,
Forh < hg we then have the estimate
lv— U;,”LZ(F) < ch(X+ vl gz(ry)- (6.10)

The consistency estimate for the Willmore functional now follows easily. %) (

and @.11) we have
1
/|v|2—/|vh|2 - /|v|2—/|v,i|28—
h
r T r r
2 1,2 1,2 1
|10 = 1w 2| + [ 1211 — =
S
r r

/(Ihv—i—v;l)-(v—UL) +/|v—lhv||v—v;l|+ch2/|v;l|2.
r I r

2IW (u) — W (up)|

IA

IA

With (6.9) we can continue this estimate as
< ch2(1ver Vip! Louli2 12
< ch® (IVr vl pagey + IVevp ey + Hnvllz2 ey + vl 20y
+llv — Ui,”LZ(F)”U = IpvllL2(ry-

Standard estimates using 10, Lemma5 and inverse inequalities then bnally lead to

W) = W)l < ch? (14 0l (6.11)

and the theorem is proved. O

7 Stability

The derivation of the algorithm in ProbleBguarantees the stability of the spatially
discrete scheme. The norms in which we formulate the stability result are the natural
norms for Willmore Bow. In the continuous setting this estimate is obtained directly
from (4.2). If we choosep = u there, then we obtain

d
/|a(-,t>|2+EW<u(-,r>)= / li(-, )2 4+ (W (-, 1)), (-, 1)) =0

L) ING)

forallt € (O, T1.
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Theorem 5 Assume that uy, vy, is a solution of Problem 3. with initial value uj, (-, 0) =
upo and set I'pg = ' (0). Then the energy relation

1d
.2 2
_——_— = 0
/ len |~ + 57 / [vnl
Fh Fh
holds for all times in (0, T'). If we choose the discrete initial data upo € Sp(0) in such

a way that an estimate of the form

-1
Sup ”(ph”Lz(FhO) / VF;,thO : Vl";,ofph S C””O”HZ(Fo) (71)
@reSi(0) x

hO

holds, then we have stability of the scheme in adequate norms:

T

/ |22y, d + sup lvnlZ 2y < elluolzzgry)- (7.2)
/ ,

Condition (7.2) can be satisbed by choosing the discrete initial data as an appropriate
Ritz projection of the continuous initial dat@. For an example of such a choice we
refer to 6.5).

Proof The proof follows directly from the consistent derivation of the algorithm. Let
us shortly repeat the formal arguments. Equatt)(is equivalent to

(l'.thv (Ph)LZ(l"h) + (W/(Mh)3 ‘Ph) =0. (73)
also in the spatially discrete setting. In derivirigd) in the continuous setting we did
not perform any integration by parts and we did not use that the continuous curvature
vectorv has normal direction. Thus Lemn&also holds for the spatially discrete
problem. And just as in that lemma the second variallés debned by3.2). We
insertg, = iy, into (7.3) and get
et 172,y + (W' ), i) = O (7.4)

and thus
- d
”uh”Lz(Fh) + EW(Mh) =0. (75)

Note thati; is an admissible test function because by depnition onefhas idr,,
anduy, (X, (0,1),t) = X5 (0, 1). HereW (u,) has to be interpreted as

Wup) =

1 2
E ” Uh ||L2(Fh)
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for vy, given by 6.2). This was the prst claim of the stability lemma. The second claim
is obtained by integrating/(5) with respect to time:

t
1 1
<2 2 2
/ ”M/’l ||L2(Fh) dt + E ”Uh(', t) ”LZ([‘h) = E ||Uh(', 0) ”LZ(rho)' (76)
0

The norm ofv;, at times = 0 then can be estimated by usirg3d) together with
assumptionq.1):

2
”Uh('v O)”LZ(Fho) = - / VFhO”hO : Vrhovh('v O)
T'no
< clluoll g2y lvn ¢, Ol L2, -

We insert this estimate intd@ (6) and have proved the estimai&?). O

8 Time discretization

In contrast to the spatial discretization we do not have analytical results on the stability
of our time discretization.

We use the notation” = v(-, mt) for the discrete time levels with time step size
t>0andm =1,..., M; whereM,t = T. The discrete spaces are denoted by

Sy = Sp(mt) = spari¢y’, ..., oy}

with the nodal basis 1‘unctionﬁj?1 = ¢; (-, m7) which were introduced in Sed.

The time discretization is used to linearize the problem in each time step. The idea
for this is to take the geometric quantities from the previous time step as this was done
in several works about geometric PDEs. See for exantpkef a survey and10] for
a time discretization of mean curvature RRow.

Algorithm 6 (Discrete Willmore Bow)or given initial surface Fg and upo(x) = x

forx € I‘g determine form = 0, ..., M; — 1 solutions (uf+l, vzﬁ_l) e S x Sy
such that,
1 m—+1 m+1 |
- uy " gp — VF,’{‘U;, : Vr;,”wh (8.1)
T rm
1 1
+/Vr;yv2"+ : Dy (@) Vrypuy —/Vr,;" v Ve - gy
oy o
1 1
2 m+1 . _
_5/ [ [“Vrmu™ - Vemegy = ;/MZ' - %n
ry ry
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/U;InJrl <Y+ / Vrzm;anrl : Vr;,n Y, =0 (8.2)

ry i
forall p, Yy € S} and set
et — ey,

For this algorithm a trick was used to make the scheme more implicit. Because in
the continuous problem one h& - ¢ = Vru : Vrg, the term|vh|2Vrh - @ was
discretized with respect to time az;;”|2VpZ1u,T+1 2 Vrngy.

Let us look at the matrix-vector form of the algorithm. For eaclwve debne the
following matrices:

My =/¢1'("¢lm, Sk =/Vr;f¢1’¢"'vr;f¢lm,
rm

4

1
Qu =3 / o 12V - Vingy" (8.3)
o

and

(R”)kl =Ry = / (‘Srs - V;n‘);n) VF,’{"f’]’:l : VF,’;"f’fn (8.4)

i

fork,l =1,...,Nandr,s = 1,...,n+ 1. Herev™ is the unit normal td"}’. M

is the mass matrix anfl is the stiffness matrix on thath time level. Note that all
these matrices can be computed with elementary integration formulas. Here and in
the following we suppress the dependency of matrices and vectors dhe basis
functions¢>’/?1 depend om: too, since we are working with an evolving basis.

The solution(u’" ™, v/*™1) can be expressed as

N N
Wit =D uiel ), vt =D vl (), x e Ty

j=1 j=1

with coefbcients:;, v; € R"*1. We form the jets:, v € RN+,

1 1 1 1
u:(ul,...,uN):((ul,...,u'l'+ ),...,(ul\,,...,u';\,+ )),

1 1 1 1
v:(vl,...,vN)z((vl,...,vf+ ),...,(UN,...,U"N+ )),
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and use the notations

u' =y, . uly), V=, vy r=1...,n+1).

Then the matrix-vector form of Algorithré is given by the following algorithm:

Algorithm 7 For each time stepm = 0O, . .., M, — 1 compute the matrices according
to (8.3), (8.4) and solve with right hand side

1
by = ;/x,qsgl(x)dA(x) (k=1,....N)

o
the linear system
1 n+1 n+1
“Mu — r Sro.s ST Qrs\ ,,S _ T pr )
“Mu’ = S0+ 3 RV 4+ (ST - 87) v - Qut =, (85)
s=1 s=1
My +Su" =0 (8.6)

forr=1,...,n+1

This linear system of equations is solved by a Schur complement approach and the
BICG algorithm.

As we want the algorithm to be applicable to immersed surfaces too, we mention
that the neighbourhood relations between the simplices,oh the bnite element
program guarantee that self intersections do not affect the algorithm5B5ee the
evolution of an unstable Willmore sphere with self intersections.

9 Numerical results
9.1 Consistency tests

We start with consistency tests for the Willmore functional. For this we approximate
the continuous surfadéby an interpolation (possibly use a grid smoothing algorithm)
and then calculate the Ritz type projection from Theodem

For quantitiesE (k1) and E (h2) which are calculated for the grid sizeég andh»
the experimental order of convergence is debPned as

E(h hi\ "t
eodhs, hp) = log Eihi; (Iog h—;) .

Example 1 The unit spherd” = $2Nin fact any two-dimensional sphereNhas
Willmore energy &. We approximatd™ by discrete spherels, and calculate their
discrete Willmore energie® (u;,) = %frh lux|? with v, given by 6.2). As a macro
triangulation we used an octahedron. In Tablere show the maximal diametér

@ Springer



G. Dziuk

Table1l Approximation of the Willmore energy («) = 87 ~ 25.1327 of the unit spherﬂ2

N h W (up) W) — Wy,  eoc Wiy W (1) — W (iip)
34 0707106 14685165 10447570 ) 2064188 0161882
130 0513578 21843107 3289628 361 25022492 000438645
514 0280935 24048481 (884255 218 26140487 —0.0400971
2,050 0143613 24006125 (226610 203 26428208 —0.0515452
8,194 00722037 2075551 00571843 200 26501071 —0.0544443
32,770 00361516 25118388 00143478 200 26519625 —1.386889

Columns 3D5 show the approximation results with the use of the Ritz procedure in THessmond order
approximation. Columns 6,7 show the results without using a Ritz procedure: no consistency

Fig. 1 Triangulations of the Clifford torus(1). Left macro triangulation;ight smoothed grid after three
rePnements

of a triangle onl', the discrete Willmore energy and the error between the conti-
nuous and discrete energies together with an eoc. Apparently, the Willmore energy is
approximated quadratically for piecewise linear elements as it was stated in Theorem
4. Two columns of Tablé show the results for the computation of the Willmore energy
without using a Ritz type projection. Here we chage= idr,. We see that in this

case we do not have consistency of the discretization.

Example 2 As a second test for consistency we calculate the discrete Willmore energy
of a Clifford torus

2
1
r:[xeR3| (1—,/xf+x§) +x§=§]. (9.1)

In Fig. 1 we show the macro triangulation and the discrete surface after three rebne-
ments. The Pnal grid is obtained as follows: we start with the macro triangulation and
rebne it successively. In each rePnement step we project the new nodes vertically onto
the smooth surface. We then smooth this grid with a Laplace method, where we move
each node into the center of the neighbouring nodesNprojected onto the smooth sur-
face. This is the initial discrete surfaEg for the computation of the Willmore energy.

We then calculate a Ritz type projectiop as introduced ing.5) of u = idr. We cal-
culatev,, from (5.2) and calculate the Willmore energy with the help of this function.
The result of this consistency test is shown in Table
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Table2 Approximation of the Willmore energW (1) = 472 ~ 39.4784 of the Clifford torusg.1)

N h W(up) W) — W(up) eoc
192 0883663 35312635 4165765 b

768 0445644 37250387 2228014 091
3,072 0224260 38393089 0585312 195
12,288 0127597 3932252 0146149 246
49,152 00739198 39440890 00375110 249

9.2 Examples

We did not use any grid smoothing algorithm for the subsequent computations.

Example 3 Spheres are minima of the Willmore functional with Willmore energy 8

In Fig. 2 we show the evolution of a deformed sphere into a round sphere. The value
of the Willmore energy during the evolution is plotted in Fdgogether with the grid
regularity parameter

Hereh(T) is the diameter of the trianglE and p(T') denotes the radius of the inner
circle of the triangle.

Example 4 In Fig. 4 we show how a thin torus evolves to a Clifford torus. The initial
torus has larger radius@ and smaller radius.R. We used a grid with 1536 nodes
with 2 = 0.265360. The Pnal value of the Willmore functional at timé@2334 was
W = 38.142639.

Example 5 In Fig. 5 we show how a strongly perturbed Clifford torus evolves to the
Clifford torus.

Example 6 The Willmore functional for two-dimensional surfaces is invariant under
conformal transformations iR2. These transformations are given by similarity trans-
formations and point inversions (se2l]). In Fig. 6 we show an inverted Clifford
torus which represents a minimum of the (discrete) Willmore functional. This surface
was computed with our evolutionary algorithm. The initial surface was obtained by
the point inversion

X — X0

F(x)=x0—4 x0=(2,0,0).

Ix — xo/?’

The stationary solution to which the surface evolveE (§'), wherel is the Clifford
torus given by 9.1). The discrete Willmore energy was.4864.
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T
T
e AR ZAZ,
WRYRY ‘-‘&fiﬁ
NN !
L“E\ ;/'4

Fig. 2 Willmore Row towards a sphere. We show the surface at times0.001755,; = 0.01053 and
t = 0.04387 @pper row). Thesecond row shows the grid at the same times

W(u(.,t)) sigma

T T enegy 23.50fF T T erid
50.00+ B 23.00 i
48.00 B 2250} i
46.00 B 22.00F i
44,00+ B 2150 i
42.00+ - 21.00 i
40.00 B 20.50 - i
38.00 B 20.00 - i
36.00 B 19.50 i
34.00+ B 19.00 h
32.00 B 18.50 i
30.00 ~ 18.00 i
28.00 B 17.50 B
26.00 B 17.00 B
v 2000 2000 tx10% By 2000 2000 x10°

Fig. 3 Values for the Willmore energy against time (left) and values of the grid parametgainst time
(right) for the computation shown in Fig.

Fig. 4 Willmore Bow of a thin torus towards a Clifford torus (cut open). The times 0.0, t = 1075,
t =2 x 1072 andr = 2.5 x 102 are shown

We Pnish with an example for the Willmore Bow of a surface of genus two. For
this we glue together two tori as is shown in FigThere we show some time steps of
the evolution. The grid contained 3433 nodes and the time step varied between 10
in the beginning and 1@ in the end. We stopped the calculations when the solution
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Fig. 5 Willmore Bow of a strongly deformed torus towards a Clifford torfiscond row part of the
computational surface grid outside the ball with ceri€l, 0) and radius 25

Ay

Fig.6 A minimum of the discrete Willmore functional: inverted Clifford torus. The surface is shown from
thexp-axis (eft) and thexz-axis (niddle andrighr)

888

Fig. 7 Evolution of a double torus under Willmore 3ow for the times 0.0, = 0.01477,r = 0.03321
andr = 0.1531

apparently became stationary in the sense that the value of the Willmore functional
changed for less than 16 between two time steps. The bnal value of the functional
was 497674 at time QL599526.
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