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Summary. We analyze a fully discrete numerical scheme approximating
the evolution ofn–dimensional graphs under anisotropic mean curvature.
The highly nonlinear problem is discretized by piecewise linear finite ele-
ments in space and semi–implicitly in time. The scheme is unconditionally
stable und we obtain optimal error estimates in natural norms. We also
present numerical examples which confirm our theoretical results.
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1. Introduction

The purpose of this paper is to analyze a fully discrete finite element method
for the approximation of hypersurfacesΓt ⊂ R

n+1 which evolve according
to the weighted mean curvature flow

β(ν)V = −Hγ onΓt.(1.1)

Here,ν denotes the unit normal toΓt andV is the normal velocity ofΓt.
The functionβ : Sn → R is positive and continuous. Furthermore,Hγ

is the anisotropic mean curvature with respect to the positive, convex and
1–homogeneous weight functionγ : R

n+1 \ {0} → R. We can introduce
Hγ formally as the first variation of the weighted area

Aγ(Γ ) =
∫

Γ
γ(ν)do.
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Associated with the anisotropic surface energyAγ are the Frank diagramF
and the Wulff shapeW which are given by

F = {p ∈ R
n+1 | γ(p) ≤ 1},

W = {p ∈ R
n+1 | 〈p, q〉 ≤ γ(q) ∀q ∈ R

n+1}.
It is well–known that theweighted curvatureHγ is constant on∂W. In Fig. 1
we show Frank diagram and Wulff shape for the anisotropy

γ(p) =
√

(5.5 + 4.5sign(p1))p21 + p22 + p23.(1.2)

Note that for the isotropic case,γ(p) = |p|, β ≡ 1, Hγ becomes the
usual mean curvature and (1.1) is the classical mean curvature flow.

A slightly more general law of the form

β(ν)V = −Hγ + c(1.3)

arises for example in the mathematical modelling of the evolution of an
interfaceΓt separating a liquid and a solid phase under the assumption that
the free energy in either phase is constant. The energy difference in the bulk
phases then is given by the constantc, whileγ represents the interfacial en-
ergy. Finally, the functionβ measures the drag opposing interfacial motion.
For a detailed derivation of (1.3) from the force balances and the second law
of thermodynamics see [1]. Let us remark that it is possible to extend the
methods presented in this paper to the more general law (1.3), even though
we shall not pursue this.

In what follows we shall study surfacesΓt which can be described as
the graph of a height functionu(·, t) over some base domainΩ ⊂ R

n, i.e.
Γt = {(x, u(x, t)) |x ∈ Ω}. The area element and a unit normal are then
given by

Q(u) =
√

1 + |∇u|2, ν(u) =
(∇u,−1)√
1 + |∇u|2 =

(∇u,−1)
Q(u)

(1.4)

so that we can calculate the weighted area for a graphΓ given by the height
functionu as

Aγ(Γ ) = Aγ(u) =
∫

Ω
γ(ν(u))Q(u) =

∫
Ω
γ(∇u,−1)

in view of the homogeneity ofγ. The first variation ofAγ in the direction
of a functionφ ∈ C∞

0 (Ω) then is

d

dε
Aγ(u+ εφ)|ε=0 =

n∑
i=1

∫
Ω
γpi(∇u,−1)φxi

= −
n∑

i,j=1

∫
Ω
γpipj (∇u,−1)uxixjφ = −

∫
Ω
Hγφ.(1.5)
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In order to translate (1.1) into a differential equation foru = u(x, t) we
observe that the normal velocityV of Γt is given by

V = − ut

Q(u)
.(1.6)

Combining (1.5) and (1.6) we arrive at the following initial boundary value
problem:

β(ν(u))ut −Q(u)
n∑

i,j=1

γpipj (∇u,−1)uxixj = 0 in Ω × (0, T )(1.7)

u = u0 on∂Ω × (0, T )(1.8)

u(·, 0) = u0 in Ω.(1.9)

Here,u0 : Ω → R is a given function, so that (1.8) says that the boundary
of Γt stays fixed during the evolution.

Let us nowoutline themain ideas of our numericalmethod. Although the
equation (1.7) is not in divergence form it admits the following variational
formulation:∫

Ω

β(ν(u))
Q(u)

utϕ+
n∑

i=1

∫
Ω
γpi(ν(u))ϕxi = 0 ∀ϕ ∈ H1

0 (Ω).(1.10)

The variational structure allows the use of finite elements for discretization
in space. In order to discretize in time we introduce a semi–implicit scheme
which treats the nonlinear terms explicitly. This scheme takes the form

1
τ

∫
Ωh

β(ν(um
h ))

Q(um
h )

(um+1
h − um

h )ϕh +
n∑

i=1

∫
Ωh

γpi(ν(u
m
h ))ϕh,xi

+λ
∫

Ωh

γ(ν(um
h ))

Q(um
h )

∇(um+1
h − um

h ) · ∇ϕh = 0 for all ϕh ∈ X̊h.(1.11)

Here,τ > 0 is the time step size andum
h belongs to the space of linear

finite elements on the discrete domainΩh. The scheme (1.11) requires the
solution of a linear system in each time step. We shall see in Sect. 3 that it
is unconditionally stable provided the parameterλ satisfies the condition

λ inf
|p|=1

γ(p) > γ̄ :=
1√

5 − 1
max { sup

|p|=1
|γ′(p)|, sup

|p|=1
|γ′′(p)|}.(1.12)

Assuming (1.12) we shall then obtain in Sect. 4 our main result, that under
suitable regularity assumptions on the continous solution the following error



426 K. Deckelnick, G. Dziuk

estimate for the geometric quantitiesV andν holds:

[T
τ

]−1∑
m=0

τ

∫
Γ m

h

|V m − V m
h |2do

+ max
0≤m≤[T

τ
]

∫
Γ m

h

|ν(u(·,mτ)) − ν(um
h )|2do ≤ c(τ2 + h2).(1.13)

Here,Γm
h = {(x, um

h (x)) |x ∈ Ω ∩Ωh} and

V m = − ut(·,mτ)
Q(u(·,mτ)) , V m

h = −(um+1
h − um

h )/τ
Q(um

h )

are the continuous and discrete normal velocities respectively.

An error analysis for a semi–discretization in space of (1.7)–(1.9) with
β ≡ 1 is carried out in [4], for the isotropic case see also [3]. An error
bound for a fully discrete scheme in the isotropic case is proved in [5] for
two–dimensional graphs. It requires a restriction on the time step size of the
form τ ≤ δh as well as inverse estimates. The error bound (1.13), which
we are going to prove for the general anisotropic case neither needs any
restriction on the dimension ofΓt nor does it require any relation between
τ and the grid sizeh. Furthermore, only local nondegeneracy of the grid
is needed, so that the method is accessible to modern adaptive techniques.
The main reason for these improvements is that we are able to close our
estimates without having to require|∇um

h | to be uniformly bounded. This
is achieved by a careful use of the weightQm

h throughout the analysis.

Let us next refer to otherworkwhich is related to the subject of this paper.
A number of results have been obtained for the anisotropic evolution of one–
dimensional graphs. Giga [9] studies this motion in the case of a nonconvex
anisotropy functionγ. For such a problem, numerical simulations are carried
out in [8]. Analysis and numerical results for a crystalline anisotropy can be
found in [7]. In [10] the surface energyγ is approximated by a crystalline
one and a convergence analysis for the resulting scheme is given.

Let us finally mention that [2] studies anisotropic motion by mean cur-
vature in the context of Finsler geometry and [15] gives a survey of various
mathematical approaches to (1.1).

2. Assumptions

Let us next formulate our assumptions on the data of the problem: we shall
assume thatγ ∈ C3(Rn+1 \ {0}), γ(p) > 0 for p ∈ R

n+1 \ {0} and thatγ
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is positively homogeneous of degree one, i.e.

γ(λp) = |λ|γ(p) for all λ �= 0, p �= 0.(2.1)

Here,| · | denotes the Euclidean norm. We shall reserve〈·, ·〉 to denote the
usual scalar product inRn+1. It is not difficult to verify that (2.1) implies

〈γ′(p), p〉 = γ(p), 〈γ′′(p)p, q〉 = 0,(2.2)

γpi(λp) =
λ

|λ|γpi(p), γpipj (λp) =
1
|λ|γpipj (p)(2.3)

for all p ∈ R
n+1 \ {0}, q ∈ R

n+1, λ �= 0 andi, j ∈ {1, ..., n+ 1}. Finally,
we assume that there existsγ0 > 0 such that

〈D2γ(p)q, q〉 ≥ γ0|q|2 for all p, q ∈ R
n+1, |p| = 1, 〈p, q〉 = 0.(2.4)

This condition ensures that (1.7) is strictly parabolic, however it is not uni-
formly parabolic.

Our error analysis will be carried out under the assumption that (1.7)–
(1.9) has a solutionu which satisfies

sup
t∈(0,T )

(
‖u(·, t)‖H2,∞(Ω) + ‖ut(·, t)‖H1,∞(Ω)

)

+
∫ T

0
(‖ut‖2

H2(Ω) + ‖utt‖2)ds =:M <∞.(2.5)

Here,Hm,p(Ω) denotes the usual Sobolev space. The corresponding norm
is given by

‖u‖Hm,p(Ω) =
( m∑

k=0

‖Dku‖p
Lp(Ω)

) 1
p

with the usual modification forp = ∞. For p = 2 we simply write
Hm(Ω) = Hm,2(Ω) with norm ‖ · ‖Hm(Ω); furthermore we use‖ · ‖ to
denote theL2-norm.

Applying a theory developed by Lieberman in [12], the existence and
uniqueness of a solution of (1.7)–(1.9) satisfying (2.5) has been obtained in
[4] for the caseβ ≡ 1 under suitable conditions on∂Ω (see also [11] and
[13] for the case of mean curvature flow). Under appropriate assumptions
onβ it is possible to generalize this result to the equation (1.7). Rather than
specifying the precise conditions onβ that are needed to guarantee (2.5) we
just make two assumptions which will be sufficient to carry out the error
analysis, namely

0 < cβ ≤ β(p) ≤ Cβ <∞(2.6)

|β(p) − β(q)| ≤ Lβ|p− q|(2.7)
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for all p, q ∈ R
n+1, |p| = |q| = 1.

We now turn to the discretization of (1.7)–(1.9). LetTh be a family of
triangulations ofΩ with maximum mesh sizeh := maxS∈Th

diam(S). We
denote byΩh the corresponding discrete domain, i.e.

Ω̄h =
⋃

S∈Th

S

and assume that all vertices on∂Ωh also lie on∂Ω. Furthermorewe suppose
that the triangulation is nondegenerate in the sense that

max
S∈Th

diam(S)
ρS

≤ κ

where the constantκ > 0 is independent ofh andρS denotes the radius of
the largest ball which is contained in̄S.

The discrete space is defined by

Xh := {vh ∈ C0(Ω̄h) | vh is a linear polynomial on eachS ∈ Th}
and X̊h := Xh ∩ H1

0 (Ωh). There exists an interpolation operatorΠh :
H2(Ωh) → Xh mappingH2(Ωh) ∩H1

0 (Ω) into X̊h such that

‖v−Πhv‖+h‖∇(v−Πhv)‖ ≤ ch2‖v‖H2(Ωh) for all v ∈ H2(Ωh).
(2.8)
DefiningQm

h = Q(um
h ) andνm

h = ν(um
h ) we are now in position to give a

precise formulation of our numerical scheme:

Algorithm 2.1 givenum
h ∈ Xh, findum+1

h ∈ Xh such thatum+1
h −Πhu0 ∈

X̊h and

1
τ

∫
Ωh

β(νm
h )

Qm
h

(um+1
h − um

h )ϕh +
n∑

i=1

∫
Ωh

γpi(ν
m
h )ϕh,xi

+ λ

∫
Ωh

γ(νm
h )

Qm
h

∇(um+1
h − um

h ) · ∇ϕh = 0 for all ϕh ∈ X̊h.(2.9)

Here we have also setu0
h = Πhu0 and think ofu0 as being extended to a

neighbourhood ofΩ.

3. Stability

In this section we analyze the stability of the scheme (2.9). Our main result
is the following
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Theorem 3.1 We have forM ≥ 1

τ

M−1∑
m=1

∫
Ωh

β(νm
h ) |V m

h |2Qm
h

+(λ inf
|p|=1

γ(p) − γ̄)τ
M−1∑
m=1

∫
Ωh

|ν
m+1
h − νm

h√
τ

|2Qm+1
h

+λτ
M−1∑
m=1

∫
Ωh

γ(νm
h )

Qm
h

(Qm+1
h −Qm

h√
τ

)2

+
∫

Ωh

γ(νM
h )QM

h ≤
∫

Ωh

γ(ν0
h)Q0

h.

In particular, if λ satisfies (1.12), then

sup
m∈N0

∫
Ωh

Qm
h ≤ C(u0, γ).(3.1)

Proof. Chooseϕh = um+1
h − um

h ∈ X̊h in (1.11) and obtain

1
τ

∫
Ωh

β(νm
h )

Qm
h

|um+1
h − um

h |2 +
n∑

i=1

∫
Ωh

γpi(ν
m
h )(um+1

h − um
h )xi

+λ
∫

Ωh

γ(νm
h )

Qm
h

|∇(um+1
h − um

h )|2 = 0.(3.2)

Observing that(∇um
h ,−1) = Qm

h ν
m
h we can write with the help of (2.1)

and (2.2)

n∑
i=1

γpi(ν
m
h )(um+1

h − um
h )xi

= 〈γ′(νm
h ), Qm+1

h νm+1
h −Qm

h ν
m
h 〉

= γ(νm+1
h )Qm+1

h − γ(νm
h )Qm

h +Qm+1
h 〈γ′(νm

h ), νm+1
h 〉

−Qm
h 〈γ′(νm

h ), νm
h 〉 − γ(νm+1

h )Qm+1
h + γ(νm

h )Qm
h(3.3)

= γ(νm+1
h )Qm+1

h − γ(νm
h )Qm

h +RmQm+1
h ,

where
Rm := 〈γ′(νm

h ), νm+1
h 〉 − γ(νm+1

h ).

WeestimateRm from below. A natural way to proceed is to rewriteRm with
the help of second derivatives ofγ evaluated on the segment connectingνm

h

andνm+1
h . In view of (2.3) such an expression is critical if the segment is

close to the origin. In order to deal with this problemwe distinguish between
two cases:
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Case 1|νm+1
h − νm

h |2 < α (0 < α < 4 to be chosen later). Since|νm
h | =

|νm+1
h | = 1 we observe that for everys ∈ [0, 1]

|(1−s)νm
h +s νm+1

h |2 = 1−s(1−s)|νm+1
h −νm

h |2 ≥ 1−s(1−s)α ≥ 1−α
4
,

(3.4)
so that using (2.2) and (2.3)

Rm = −
(
γ(νm+1

h ) − γ(νm
h ) − 〈γ′(νm

h ), νm+1
h − νm

h 〉
)

= −
∫ 1

0
(1 − s)〈γ′′((1 − s)νm

h + sνm+1
h )(νm+1

h − νm
h ),

(νm+1
h − νm

h )〉ds

≥ − sup
|p|=1

|γ′′(p)|
∫ 1

0

(1 − s)
|(1 − s)νm

h + sνm+1
h |ds |νm+1

h − νm
h |2(3.5)

≥ − 1√
4 − α sup

|p|=1
|γ′′(p)| |νm+1

h − νm
h |2.

Case 2|νm+1
h − νm

h |2 ≥ α. We deduce from (2.2)

Rm = 〈γ′(νm
h ) − γ′(νm+1

h ), νm+1
h 〉 ≥ −|γ′(νm

h ) − γ′(νm+1
h )|

≥ −2 sup
|p|=1

|γ′(p)| ≥ − 2
α

sup
|p|=1

|γ′(p)| |νm+1
h − νm

h |2.(3.6)

Let us chooseα = 2(
√

5 − 1). Then 2
α = 1√

4−α
and we obtain from (3.3),

(3.5) and (3.6)

n∑
i=1

γpi(ν
m
h )(um+1

h − um
h )xi ≥ γ(νm+1

h )Qm+1
h − γ(νm

h )Qm
h

−γ̄|νm+1
h − νm

h |2Qm+1
h

Thus, (3.2) combined with (A.2) yields

1
τ

∫
Ωh

β(νm
h )

Qm
h

|um+1
h − um

h |2 +
∫

Ωh

γ(νm+1
h )Qm+1

h −
∫

Ωh

γ(νm
h )Qm

h

+
∫

Ωh

(λγ(νm
h ) − γ̄)|νm+1

h − νm
h |2 Qm+1

h

+
∫

Ωh

λγ(νm
h )

(Qm+1
h −Qm

h )2

Qm
h

≤ 0,

from which the theorem follows by summing overm = 0, ...,M − 1. ��
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Thus we have proved stability for the semi–implicit scheme without any
restriction on the time step size.

Example 3.2In [5] we analyzed the following scheme for the isotropic case
γ(p) = |p| andβ ≡ 1:

1
τ

∫
Ωh

(um+1
h − um

h )ϕh

Qm
h

+
∫

Ωh

∇um+1
h · ∇ϕh

Qm
h

= 0

which is (1.11) for the choiceλ = 1. Since inf |p|=1 γ(p) = 1,
sup|p|=1 |γ′(p)| = sup|p|=1 |γ′′(p)| = 1 and 1 > 1√

5−1
we recover the

unconditional stability of this scheme (see also [6]).

4. The error estimate

The aim of this section is to carry out an error analysis for the scheme
(1.11). In what follows we shall assume that the condition (1.12) is satisfied,
so that the scheme (1.11) is stable. Choose on open setΩ′ ⊂ R

n which
containsΩ̄ ∪Ωh for all h ≤ 1. In view of the regularity (2.5) ofu and since
∂Ω is smooth, there exists an extensionū : Ω′ × [0, T ] → R such that
ū|Ω×[0,T ] = u and

sup
t∈(0,T )

(
‖ū(·, t)‖H2,∞(Ω′) + ‖ūt(·, t)‖H1,∞(Ω′)

)

+
∫ T

0
(‖ūt‖2

H2(Ω′) + ‖ūtt‖2)ds ≤ cM,(4.1)

whereM appeared in (2.5). Using integration by parts and (1.7) we derive
for ϕ ∈ H1

0 (Ωh)

n∑
i=1

∫
Ωh

γpi(ν̄
m)ϕxi = −

n∑
i=1

∫
Ωh

∂

∂xi
(γpi(ν̄

m))ϕ

= −
∫

Ωh∩Ω

β(νm)
Qm

ut(·,mτ)ϕ

−
n∑

i=1

∫
Ωh\Ω

∂

∂xi
(γpi(ν̄

m))ϕ(4.2)

= −1
τ

∫
Ωh

ᾱm(ūm+1 − ūm)ϕ+
∫

Ωh

ᾱmSmϕ
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where we have set̄αm = β(ν̄m)
Q̄m and

Sm =
ūm+1 − ūm

τ
− ūt(·,mτ)

+χΩh\Ω

(
ūt(·,mτ) − 1

ᾱm

n∑
i=1

∂

∂xi
(γpi(ν̄

m))
)

(4.3)

=
1
τ

∫ (m+1)τ

mτ
((m+ 1)τ − s)ūtt(·, s)ds

+χΩh\Ω

(
ūt(·,mτ) − 1

ᾱm

n∑
i=1

∂

∂xi
(γpi(ν̄

m))
)
.

Note that (4.3) and (4.1) imply

‖Sm‖L∞(Ωh) ≤ c(‖ūt(·,mτ)‖L∞(Ωh)

+‖D2ū(·,mτ)‖L∞(Ωh)) ≤ cM(4.4)

‖Sm‖ ≤ c
(
τ

∫ (m+1)τ

mτ
‖ūtt‖2ds

) 1
2 + ch(4.5)

since meas(Ωh \Ω) ≤ ch2. In order to derive the error relation we write

em := ūm − um
h = (ūm −Πhū

m) + (Πhū
m − um

h ) =: εm + em
h .(4.6)

Note that (2.8) implies

‖εm+1 − εm‖2 + h2‖∇(εm+1 − εm)‖2

≤ cτh4
∫ (m+1)τ

mτ
‖ūt‖2

H2(Ωh)ds.(4.7)

Combining (4.2) and (1.11) we arrive at the following error relation

1
τ

∫
Ωh

αm
h (em+1 − em)ϕh +

n∑
i=1

∫
Ωh

(γpi(ν̄
m) − γpi(ν

m
h ))ϕh,xi

+λ
∫

Ωh

γ(νm
h )

Qm
h

∇(em+1 − em) · ∇ϕh

=
1
τ

∫
Ωh

(αm
h − ᾱm)(ūm+1 − ūm)ϕh

+λ
∫

Ωh

γ(νm
h )

Qm
h

∇(ūm+1 − ūm) · ∇ϕh

+
∫

Ωh

ᾱmSmϕh



A fully discrete numerical scheme for weighted mean curvature flow 433

for all ϕh ∈ X̊h. Here, we have also setαm
h = β(νm

h )
Qm

h
. If we insertϕh =

em+1
h − emh ∈ X̊h the result is

1
τ

∫
Ωh

αm
h |em+1 − em|2 +

n∑
i=1

∫
Ωh

(γpi(ν̄
m) − γpi(ν

m
h ))(em+1 − em)xi

+λ
∫

Ωh

γ(νm
h )

Qm
h

|∇(em+1 − em)|2

=
1
τ

∫
Ωh

(αm
h − ᾱm)(ūm+1 − ūm)(em+1

h − emh )

+λ
∫

Ωh

γ(νm
h )

Qm
h

∇(ūm+1 − ūm) · ∇(em+1
h − emh )

+
∫

Ωh

ᾱmSm(em+1
h − emh ) +

1
τ

∫
Ωh

αm
h (em+1 − em)(εm+1 − εm)(4.8)

+
n∑

i=1

∫
Ωh

(γpi(ν̄
m) − γpi(ν

m
h ))(εm+1 − εm)xi

+λ
∫

Ωh

γ(νm
h )

Qm
h

∇(em+1 − em) · ∇(εm+1 − εm).

Our aim is to write the second term on the left hand side of (4.8) as a
discrete time derivative plus a remainder. Since the expressionγpi(ν(u))
depends in a nonlinear way on∇u this is by no means straightforward. The
idea is to consider

Dm :=
∫

Ωh

(γ(νm
h ) − 〈γ′(ν̄m), νm

h 〉)Qm
h

which is motivated by the following two results:

Lemma 4.1 There exists a constantc1 > 0 which only depends on
supΩ′×[0,T ] |∇ū| andγ0 from (2.4) such that

Dm ≥ c1
∫

Ωh

|ν̄m − νm
h |2Qm

h

Proof. See Lemma 3.2 in [4]. ��

Lemma 4.2 We have for0 ≤ m ≤ [Tτ ] − 1 and smallτ > 0

n∑
i=1

∫
Ωh

(γpi(ν̄
m) − γpi(ν

m
h ))(em+1 − em)xi ≥ Dm+1 −Dm
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−cτ
(
τ2 +

∫
Ωh

| ν̄m+1 − νm+1
h |2Qm+1

h

)

−(γ̄ + cτ)
∫

Ωh

|∇(em+1 − em)|2
Qm

h

.

Proof. Let us abbreviatēUm = (∇ūm,−1), Um
h = (∇um

h ,−1). Clearly,

n∑
i=1

(γpi(ν̄
m) − γpi(ν

m
h ))(em+1 − em)xi

= 〈γ′(ν̄m) − γ′(νm
h ), (Ūm+1 − Um+1

h ) − (Ūm − Um
h )〉

= (γ(Um+1
h ) − 〈γ′(ν̄m+1), Um+1

h 〉) − (γ(Um
h ) − 〈γ′(ν̄m), Um

h 〉)
+ γ(Um

h ) − γ(Um+1
h ) + 〈γ′(νm

h ), Um+1
h − Um

h 〉
+〈γ′(ν̄m+1) − γ′(ν̄m), Um+1

h 〉
+〈γ′(ν̄m) − γ′(νm

h ), Ūm+1 − Ūm〉
= (γ(νm+1

h ) − 〈γ′(ν̄m+1), νm+1
h 〉)Qm+1

h

−(γ(νm
h ) − 〈γ′(ν̄m), νm

h 〉)Qm
h + Im,(4.9)

by (2.1) and sinceUm
h = νm

h Q
m
h . Here we have also set

Im = γ(Um
h ) − γ(Um+1

h ) + 〈γ′(νm
h ), Um+1

h − Um
h 〉

+〈γ′(ν̄m+1) − γ′(ν̄m), Um+1
h 〉 + 〈γ′(ν̄m) − γ′(νm

h ), Ūm+1 − Ūm〉.
The first two terms in (4.9) will give the differenceDm+1 − Dm after
integration overΩh. In order to estimateIm we proceed in the same way as
in the proof of Theorem 3.1 and distinguish between two cases:
Case 1|νm+1

h − νm
h |2 < α = 2(

√
5 − 1): first recall that (3.4) yields

|sνm+1
h + (1 − s)νm

h | ≥
√

1 − α
4
> 0 for all s ∈ [0, 1].(4.10)

We rewrite the three terms which composeIm. SinceUm
h = νm

h Q
m
h , Ū

m =
ν̄mQ̄m we derive with the help of (2.2)

γ(Um
h ) − γ(Um+1

h ) + 〈γ′(νm
h ), Um+1

h − Um
h 〉

= −Qm+1
h

(
γ(νm+1

h ) − 〈γ′(νm
h ), νm+1

h 〉
)

= −Qm+1
h

(
γ(νm+1

h ) − γ(νm
h ) − 〈γ′(νm

h ), νm+1
h − νm

h 〉
)

= −Qm+1
h

∫ 1

0
(1 − s)〈γ′′(sνm+1

h + (1 − s)νm
h )(νm+1

h − νm
h ),

(νm+1
h − νm

h )〉ds.
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Furthermore, observing that〈γ′′(p)p, q〉 = 0 for all p, q ∈ R
n+1, p �= 0 we

obtain

〈γ′(ν̄m+1) − γ′(ν̄m), Um+1
h 〉

= Qm+1
h

∫ 1

0
〈γ′′(sν̄m+1 + (1 − s)ν̄m)(ν̄m+1 − ν̄m), νm+1

h 〉ds

= Qm+1
h

∫ 1

0
s〈γ′′(sν̄m+1 + (1 − s)ν̄m)(ν̄m+1 − ν̄m),

(νm+1
h − ν̄m+1)〉ds

+Qm+1
h

∫ 1

0
(1 − s)〈γ′′(sν̄m+1 + (1 − s)ν̄m)(ν̄m+1 − ν̄m),

(νm+1
h − ν̄m)〉ds.

Finally,

〈γ′(ν̄m) − γ′(νm
h ), Ūm+1 − Ūm〉

= Q̄m+1〈γ′(ν̄m) − γ′(νm
h ), ν̄m+1 − ν̄m〉

+(Q̄m+1 − Q̄m)〈γ′(ν̄m) − γ′(νm
h ), ν̄m〉

= Qm+1
h

∫ 1

0
〈γ′′(sν̄m + (1 − s)νm

h )(ν̄m − νm
h ), (ν̄m+1 − ν̄m)〉ds

+ (Q̄m+1 −Qm+1
h )

∫ 1

0
〈γ′′(sν̄m + (1 − s)νm

h )(ν̄m − νm
h ),

(ν̄m+1 − ν̄m)〉ds
+ (Q̄m+1 − Q̄m)

∫ 1

0
(1 − s)〈γ′′(sν̄m + (1 − s)νm

h )(ν̄m − νm
h ),

(ν̄m − νm
h )〉ds

where we have again used (2.2) in order to show that

〈γ′(ν̄m) − γ′(νm
h ), ν̄m〉 = γ(ν̄m) − γ(νm

h ) − 〈γ′(νm
h ), ν̄m − νm

h 〉
=
∫ 1

0
(1 − s)〈γ′′(sν̄m + (1 − s)νm

h )(ν̄m − νm
h ),

(ν̄m − νm
h )〉ds.

Abbreviating

A :=
∫ 1

0
(1 − s)γ′′(sνm+1

h + (1 − s)νm
h )ds
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we can write

Im = Qm+1
h

(
−〈A(νm+1

h − νm
h ), (νm+1

h − νm
h )〉

+〈A(ν̄m+1 − ν̄m), (νm+1
h − ν̄m+1)〉

+ 〈A(ν̄m+1 − ν̄m), (νm+1
h − ν̄m)〉

+2〈A(ν̄m − νm
h ), (ν̄m+1 − ν̄m)〉

)
+

5∑
i=1

Ri

= −Qm+1
h 〈A((ν̄m+1 − ν̄m) − (νm+1

h − νm
h )),

((ν̄m+1 − ν̄m) − (νm+1
h − νm

h ))〉 +
5∑

i=1

Ri,

where

R1 = Qm+1
h 〈

(∫ 1

0
sγ′′(sν̄m+1 + (1 − s)ν̄m)ds−A

)
(ν̄m+1 − ν̄m),

(νm+1
h − ν̄m+1)〉

R2 = Qm+1
h 〈

(∫ 1

0
(1 − s)γ′′(sν̄m+1 + (1 − s)ν̄m)ds−A

)
(ν̄m+1 − ν̄m),

(νm+1
h − ν̄m)〉

R3 = Qm+1
h 〈

(∫ 1

0
γ′′(sν̄m + (1 − s)νm

h )ds− 2A
)
(ν̄m − νm

h ),

(ν̄m+1 − ν̄m)〉
R4 = (Q̄m+1 −Qm+1

h )
∫ 1

0
〈γ′′(sν̄m + (1 − s)νm

h )(ν̄m − νm
h ),

(ν̄m+1 − ν̄m)〉ds
R5 = (Q̄m+1 − Q̄m)

∫ 1

0
(1 − s)〈γ′′(sν̄m + (1 − s)νm

h )(ν̄m − νm
h ),

(ν̄m − νm
h )〉ds.

Let us estimateRi(i = 1, . . . , 5). To begin, note that Lemma 6.1 and (4.10)
imply

∣∣∣ ∫ 1

0
sγ′′(sν̄m+1 + (1 − s)ν̄m)ds−A

∣∣∣
≤
∣∣∣ ∫ 1

0
s(γ′′(sν̄m+1 + (1 − s)ν̄m) − γ′′(ν̄m+1))ds

∣∣∣
+

1
2
|γ′′(ν̄m+1) − γ′′(νm+1

h )|
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+
∣∣∣ ∫ 1

0
(1 − s)(γ′′(νm+1

h ) − γ′′(sνm+1
h + (1 − s)νm

h ))ds
∣∣∣

≤ c sup
|p|=1

|γ′′′(p)|
(
|ν̄m+1 − ν̄m| + |ν̄m+1 − νm+1

h | + |νm+1
h − νm

h |
)

≤ c
(
τ + |ν̄m+1 − νm+1

h | + |(ν̄m+1 − ν̄m) − (νm+1
h − νm

h )|
)
,

so that

|R1| ≤ cτQm+1
h |νm+1

h − ν̄m+1|
×
(
τ + |ν̄m+1 − νm+1

h | + |(ν̄m+1 − ν̄m) − (νm+1
h − νm

h )|
)

≤ cτQm+1
h

×
(
τ2 + |ν̄m+1 − νm+1

h |2 + |(ν̄m+1 − ν̄m) − (νm+1
h − νm

h )|2
)
.

Since|νm+1
h − ν̄m| ≤ |νm+1

h − ν̄m+1| + cτ we obtain in the same way

|R2| ≤ cτQm+1
h

(
τ2+|ν̄m+1−νm+1

h |2+|(ν̄m+1− ν̄m)−(νm+1
h −νm

h )|2
)
.

For the next term,

∣∣∣ ∫ 1

0
γ′′(sν̄m + (1 − s)νm

h )ds− 2A
∣∣∣

≤
∣∣∣ ∫ 1

0
(γ′′(sν̄m + (1 − s)νm

h ) − γ′′(ν̄m))ds
∣∣∣

+ |γ′′(ν̄m) − γ′′(νm
h )|

+
∣∣∣ ∫ 1

0
2(1 − s)(γ′′(νm

h ) − γ′′(sνm+1
h + (1 − s)νm

h ))ds
∣∣∣

≤ c sup
|p|=1

|γ′′′(p)|
(
|ν̄m − νm

h | + |νm+1
h − νm

h |
)

≤ c
(
|ν̄m − νm

h | + τ + |(ν̄m+1 − ν̄m) − (νm+1
h − νm

h )|
)

again by Lemma 6.1 and (4.10). Since

|ν̄m − νm
h | ≤ cτ + |ν̄m+1 − νm+1

h |
+ |(ν̄m+1 − ν̄m) − (νm+1

h − νm
h )|,(4.11)

we obtain

|R3| ≤ cτQm+1
h

(
τ2+|ν̄m+1−νm+1

h |2+|(ν̄m+1− ν̄m)−(νm+1
h −νm

h )|2
)
.
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Using Lemma 6.1, (A.1) and (4.11) we derive

|R4| ≤ c|Q̄m+1 −Qm+1
h | |ν̄m − νm

h | |ν̄m+1 − ν̄m|
≤ cτQm+1

h |ν̄m+1 − νm+1
h | |ν̄m − νm

h |
≤ cτQm+1

h |ν̄m+1 − νm+1
h |

×
(
τ + |ν̄m+1 − νm+1

h | + |(ν̄m+1 − ν̄m) − (νm+1
h − νm

h )|
)

≤ cτQm+1
h

×
(
τ2 + |ν̄m+1 − νm+1

h |2 + |(ν̄m+1 − ν̄m) − (νm+1
h − νm

h )|2
)
.

Finally, again by (4.11)

|R5| ≤ c|Q̄m+1 − Q̄m| |ν̄m − νm
h |2 ≤ cτ |ν̄m − νm

h |2

≤ cτ
(
τ2 + |ν̄m+1 − νm+1

h |2 + |(ν̄m+1 − ν̄m) − (νm+1
h − νm

h )|2
)

≤ cτQm+1
h

(
τ2 + |ν̄m+1 − νm+1

h |2 + |(ν̄m+1 − ν̄m) − (νm+1
h − νm

h )|2
)
.

Collecting the above estimates forR1, . . . , R5 and observing thatA is pos-
itive semidefinite we arrive at

|Im| ≤ Qm+1
h 〈A((ν̄m+1 − ν̄m) − (νm+1

h − νm
h )),

(ν̄m+1 − ν̄m) − (νm+1
h − νm

h )〉 +
5∑

i=1

|Ri|

≤ Qm+1
h 〈A((ν̄m+1 − ν̄m) − (νm+1

h − νm
h )),

(ν̄m+1 − ν̄m) − (νm+1
h − νm

h )〉
+ cτQm+1

h

(
τ2 + |ν̄m+1 − νm+1

h |2

+|(ν̄m+1 − ν̄m) − (νm+1
h − νm

h )|2
)
.(4.12)

From (2.3) and (4.10) we infer that for everyξ ∈ R
n+1

〈Aξ, ξ〉 =
∫ 1

0
(1 − s)〈γ′′(sνm+1

h + (1 − s)νm
h )ξ, ξ〉ds

≤ sup
|p|=1

|γ′′(p)|
∫ 1

0

(1 − s)|ξ|2
|sνm+1

h + (1 − s)νm
h |ds

≤ sup
|p|=1

|γ′′(p)| 1√
4 − α |ξ|2.
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If we insert this into (4.12) the result is

|Im| ≤
(

sup
|p|=1

|γ′′(p)| 1√
4 − α + cτ

)
× Qm+1

h |(ν̄m+1 − ν̄m) − (νm+1
h − νm

h )|2

+ cτQm+1
h

(
τ2 + |ν̄m+1 − νm+1

h |2
)
.(4.13)

Case 2|νm+1
h − νm

h |2 ≥ α: first observe that by (2.2)

γ(Um
h ) − γ(Um+1

h ) + 〈γ′(νm
h ), Um+1

h − Um
h 〉

= 〈γ′(νm
h ), Um+1

h 〉 − γ(Um+1
h ) = 〈γ′(νm

h ) − γ′(νm+1
h ), νm+1

h 〉Qm+1
h ,

so that

|Im|≤|〈γ′(νm
h ) − γ′(νm+1

h ), νm+1
h 〉Qm+1

h | + |〈γ′(ν̄m+1)

−γ′(ν̄m), Um+1
h 〉| + |〈γ′(ν̄m) − γ′(νm

h ), Ūm+1 − Ūm〉|
≤ 2 sup

|p|=1
|γ′(p)| Qm+1

h + cτQm+1
h + cτ sup

|p|=1
|γ′(p)|

≤ (
2
α

sup
|p|=1

|γ′(p)| + cτ)|νm+1
h − νm

h |2Qm+1
h

≤ (
2
α

sup
|p|=1

|γ′(p)| + cτ)|(νm+1
h − νm

h ) − (ν̄m+1 − ν̄m)|2Qm+1
h(4.14)

providedτ is small enough.

Combining (4.9), (4.14), (4.13) and applying Lemma 6.4 we finally ob-
tain

n∑
i=1

(γpi(ν̄
m) − γpi(ν

m
h ))(em+1 − em)xi

≥ (γ(νm+1
h ) − 〈γ′(ν̄m+1), νm+1

h 〉)Qm+1
h

−(γ(νm
h ) − 〈γ′(ν̄m), νm

h 〉)Qm
h −

(
γ̄ + cτ

)
Qm+1

h |(ν̄m+1 − ν̄m)

−(νm+1
h − νm

h )|2 − cτQm+1
h

(
τ2 + |ν̄m+1 − νm+1

h |2
)

≥ (γ(νm+1
h ) − 〈γ′(ν̄m+1), νm+1

h 〉)Qm+1
h − (γ(νm

h ) − 〈γ′(ν̄m), νm
h 〉)Qm

h

−
(
γ̄ + cτ

) |∇(em+1 − em)|2
Qm

h

− cτQm+1
h

(
τ2 + |ν̄m+1 − νm+1

h |2
)
.

The lemma now follows from integrating this inequality overΩh and recall-
ing the stability estimate (3.1). ��
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We estimate the terms on the right hand side of (4.8). To begin, (2.7),
(4.6), Young’s inequality and (4.7) imply for0 < δ ≤ 1∣∣∣1

τ

∫
Ωh

(αm
h − ᾱm)(ūm+1 − ūm)(em+1

h − emh )
∣∣∣

≤ c
∫

Ωh

∣∣∣β(νm
h )

Qm
h

− β(ν̄
m)

Q̄m

∣∣∣|em+1
h − emh |

≤ c
∫

Ωh

|νm
h − ν̄m|(|em+1 − em| + |εm+1 − εm|)

≤ δ

τ

∫
Ωh

|em+1 − em|2
Qm

h

+
1
τ

∫
Ωh

|εm+1 − εm|2

+
c

δ
τ

∫
Ωh

|ν̄m
h − νm|2Qm

h

≤ δ

τ

∫
Ωh

|em+1 − em|2
Qm

h

+ ch4
∫ (m+1)τ

mτ
‖ūt‖2

H2(Ωh)

+
c

δ
τ

∫
Ωh

|ν̄m − νm
h |2Qm

h .

For the second term in (4.8) we have (ignoring the factorλ)∫
Ωh

γ(νm
h )

Qm
h

∇(ūm+1 − ūm) · ∇(em+1
h − emh )

=
∫

Ωh

γ(ν̄m)
Q̄m

∇(ūm+1 − ūm) · ∇(em+1
h − emh )

+
∫

Ωh

(γ(νm
h )

Qm
h

− γ(ν̄
m)

Q̄m

)
∇(ūm+1 − ūm) · ∇(em+1

h − emh )

=: I1 + I2.

Integration by parts yields

I1 = −
∫

Ωh

∇
(γ(ν̄m)
Q̄m

)
· ∇(ūm+1 − ūm)(em+1

h − emh )

−
∫

Ωh

γ(νm)
Qm

h

∆(ūm+1 − ūm)(em+1
h − em

h )

−
∫

Ωh

γ(ν̄m)
( 1
Q̄m

− 1
Qm

h

)
∆(ūm+1 − ūm)(em+1

h − em
h ).

Using (4.1), Young’s inequality, (3.1) and (4.7) we obtain

|I1| ≤ cτ
∫

Ωh

|em+1
h − em

h | + c
∫

Ωh

|∆(ūm+1 − ūm)| |e
m+1
h − em

h |
Qm

h
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+ c

∫
Ωh

|ν̄m − νm
h | |∆(ūm+1 − ūm)| |em+1

h − em
h |

≤ δ

τ

∫
Ωh

|em+1
h − em

h |2
Qm

h

+
c

δ
τ3
∫

Ωh

Qm
h +

c

δ
τ2
∫ (m+1)τ

mτ
‖ūt‖2

H2(Ωh)

+
c

δ
‖D2ū‖2

L∞(Ωh×(0,T ))τ

∫
Ωh

|ν̄m − νm
h |2Qm

h

≤ δ

τ

∫
Ωh

|em+1 − em|2
Qm

h

+
c

δ
τ3 +

c

δ
τ

∫
Ωh

|ν̄m − νm
h |2Qm

h

+
c

δ
(τ2 + h4)

∫ (m+1)τ

mτ
‖ūt‖2

H2(Ωh).

Furthermore, again by (4.1)

|I2| ≤ cτ
∫

Ωh

|ν̄m − νm
h | |∇(em+1

h − emh )|

≤ τ
∫

Ωh

|∇(em+1 − em)|2
Qm

h

+ τ
∫

Ωh

|∇(εm+1 − εm)|2

+cτ
∫

Ωh

|ν̄m − νm
h |2Qm

h

≤ τ
∫

Ωh

|∇(em+1 − em)|2
Qm

h

+ cτ2h2
∫ (m+1)τ

mτ
‖ūt‖2

H2(Ωh)

+cτ
∫

Ωh

|ν̄m − νm
h |2Qm

h .

Next, Young’s inequality, (4.4), (4.5) and (4.7) imply

∣∣∣ ∫
Ωh

ᾱmSm(em+1
h − emh )

∣∣∣
≤
∫

Ωh

|ᾱm − αm
h | |Sm| |em+1

h − em
h | +

∫
Ωh

|αm
h | |Sm| |em+1

h − em
h |

≤ c‖Sm‖L∞

∫
Ωh

|ν̄m − νm
h | |em+1

h − em
h | + c

∫
Ωh

|Sm| |em+1
h − em

h |
Qm

h

≤ c
∫

Ωh

|ν̄m − νm
h | |em+1

h − em
h | + c

∫
Ωh

|Sm| |em+1
h − em

h |
Qm

h

≤ δ

τ

∫
Ωh

|em+1 − em|2
Qm

h

+
δ

τ

∫
Ω

|εm+1 − εm|2

+
c

δ
τ

∫
Ωh

|ν̄m − νm
h |2Qm

h +
c

δ
τ‖Sm‖2
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≤ δ

τ

∫
Ωh

|em+1 − em|2
Qm

h

+
c

δ
τ

∫
Ωh

|ν̄m − νm
h |2Qm

h +
c

δ
τh2

+
c

δ
(τ2 + h4)

∫ (m+1)τ

mτ
(‖ūtt‖2 + ‖ūt‖2

H2(Ωh))ds.

Young’s inequality and (4.7) imply∣∣∣1
τ

∫
Ωh

αm
h (em+1 − em)(εm+1 − εm)

∣∣∣
≤ c

τ

∫
Ωh

1
Qm

h

|em+1 − em| |εm+1 − εm|

≤ δ

τ

∫
Ωh

|em+1 − em|2
Qm

h

+
c

δτ

∫
Ωh

|εm+1 − εm|2

≤ δ

τ

∫
Ωh

|em+1 − em|2
Qm

h

+
c

δ
h4
∫ (m+1)τ

mτ
‖ūt‖2

H2(Ωh)ds,

and using similar arguments we finally obtain

|
n∑

i=1

∫
Ωh

(γpi(ν̄
m) − γpi(ν

m
h ))(εm+1 − εm)xi

|

+|λ
∫

Ωh

γ(νm
h )

Qm
h

∇(em+1 − em) · ∇(εm+1 − εm)|

≤ c
∫

Ωh

|ν̄m − νm
h | |∇(εm+1 − εm)|

+c
∫

Ωh

1
Qm

h

|∇(em+1 − em)| |∇(εm+1 − εm)|

≤ τ
∫

Ωh

|ν̄m − νm
h |2Qm

h + τ
∫

Ωh

|∇(em+1 − em)|2
Qm

h

+
c

τ

∫
Ωh

|∇(εm+1 − εm)|2

≤ τ
∫

Ωh

|ν̄m − νm
h |2Qm

h + τ
∫

Ωh

|∇(em+1 − em)|2
Qm

h

+ch2
∫ (m+1)τ

mτ
‖ūt‖2

H2(Ωh)ds.

If we insert the above estimates into (4.8) and chooseδ small (recalling
(2.6)), we obtain with the help of Lemma 4.2

1
2τ

∫
Ωh

αm
h |em+1 − em|2 +Dm+1 −Dm
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+(λ inf
|p|=1

γ(p) − γ̄ − cτ)
∫

Ωh

|∇(em+1 − em)|2
Qm

h

≤ cτ(τ2 + h2)

+cτ
(∫

Ωh

|ν̄m+1 − νm+1
h |2Qm+1

h +
∫

Ωh

|ν̄m − νm
h |2Qm

h

)

+c(τ2 + h2)
∫ (m+1)τ

mτ
(‖ūtt(s)‖2 + ‖ūt‖2

H2(Ωh))ds

≤ c(τ2 + h2)
(
τ +

∫ (m+1)τ

mτ
(‖ūtt(s)‖2 + ‖ūt‖2

H2(Ωh))ds
)

+cτ(Dm+1 +Dm)

by Lemma 4.1. Summation fromm = 0, ...,M − 1 yields in view of (4.1)

DM +
M−1∑
m=0

( 1
2τ

∫
Ωh

αm
h |em+1 − em|2

+ (λ inf
|p|=1

γ(p) − γ̄ − cτ)
∫

Ωh

|∇(em+1 − em)|2
Qm

h

)

≤ c(τ2 + h2) + cτ
M−1∑
m=0

Dm + cτDM

which together with (1.12) implies

DM ≤ c(τ2 + h2) + cτ
M−1∑
m=0

Dm, 1 ≤M ≤ [
T

τ
],

provided thatτ is sufficiently small. From the discrete Gronwall lemma and
(2.6) we infer

M−1∑
m=0

1
τ

∫
Ωh

|em+1 − em|2
Qm

h

+ max
0≤m≤M

Dm

≤ c(τ2 + h2)ecMτ ≤ c(τ2 + h2)ecT , 0 ≤M ≤ [
T

τ
].(4.15)

Thus we can formulate our main result,

Theorem 4.3 Suppose that (1.12) holds. Then there existsτ0 > 0 such that
for all 0 < τ ≤ τ0

[T
τ

]−1∑
m=0

τ

∫
Ω∩Ωh

|V m − V m
h |2Qm

h

+ max
0≤m≤[T

τ
]

∫
Ω∩Ωh

|νm − νm
h |2Qm

h ≤ c(τ2 + h2).
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Proof. In view of (4.15) and Lemma 4.1 we only have to prove the bound
for the normal velocity. To begin,

V̄ m − V m
h = − ūt(·,mτ)

Q̄m
+

(um+1
h − um

h )/τ
Qm

h

= −(em+1 − em)/τ
Qm

h

+
ūm+1 − ūm

τ

( 1
Qm

h

− 1
Q̄m

)
+
Sm

Q̄m
.

Using Lemma 4.1 and (4.15) we obtain

[T
τ

]−1∑
m=0

τ

∫
Ωh

|V̄ m − V m
h |2Qm

h ≤
[T

τ
]−1∑

m=0

(1
τ

∫
Ωh

|em+1 − em|2
Qm

h

+τ
∫

Ωh

|ν̄m − νm
h |2Qm

h + τ
∫

Ωh

|Sm|2 Q
m
h

(Q̄m)2

)

≤ c(τ2 + h2) +
[T

τ
]−1∑

m=0

τ

∫
Ωh

|Sm|2 Q
m
h

(Q̄m)2
.

In order to estimate the last term we note that
Qm

h

(Q̄m)2 ≤ Qm
h

Q̄m ≤ 1 + |ν̄m −
νm

h |Qm
h which together with (4.4), (4.5) and (4.15) implies

[T
τ

]−1∑
m=0

τ

∫
Ωh

|Sm|2 Q
m
h

(Q̄m)2

≤ 2
[T

τ
]−1∑

m=0

τ

∫
Ωh

(
|Sm|2 + |Sm|2|ν̄m − νm

h |2Qm
h

)

≤ c
[T

τ
]−1∑

m=0

τ2
∫ (m+1)τ

mτ
‖ūtt‖2ds+ ch2 + c

[T
τ

]−1∑
m=0

τ

∫
Ωh

|ν̄m − νm
h |2Qm

h

≤ c(τ2 + h2). ��

5. Numerical tests

In order to check the estimates which were proved in Theorem 3.1 and
Theorem 4.3 we computed test examples for the convergence estimate and
for the stability estimate.

A test for the convergence is derived from the fact that the Wulff shape
shrinks homothetically during the evolution.Wehave chosen the very strong
anisotropy

γ(p) =
√

0.01p21 + p22 + p23.
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Table 1. Absolute errors for the test problem withτ = 0.01h

h error(ν) eoc error(V ) eoc L∞(H1) eoc L∞(L2) eoc

7.0711e-2 9.7027e-2 – 2.3278e-2 – 1.3366e-1 – 3.1700e-3 -

3.5355e-2 2.3213e-2 2.06 6.0827e-3 1.94 4.4935e-2 1.57 7.3639e-4 2.11

2.6050e-2 2.4818e-2 -0.22 7.5203e-3 -0.70 4.5372e-2 -0.03 3.0728e-4 2.86

1.4861e-2 1.3868e-2 1.04 4.1117e-3 1.08 2.4163e-2 1.12 8.8373e-5 2.22

7.8462e-3 7.0232e-3 1.07 1.9806e-3 1.14 1.2256e-2 1.06 2.7864e-5 1.81

4.0210e-3 3.5368e-3 1.03 1.0176e-3 1.00 6.1725e-3 1.03 1.2378e-5 1.22

2.0342e-3 1.8103e-3 0.98 5.2675e-4 0.97 3.1225e-3 1.00 6.3199e-6 0.99

1.0229e-3 9.2938e-4 0.97 2.6988e-4 0.97 1.5799e-3 0.99 3.2715e-6 0.96

If we denote the dual of the anisotropyγ by γ∗,

γ∗(p) = sup
|q|=1

〈p, q〉
γ(q)

,

then the equation
γ∗(x, u(x, t)) =

√
1 − 4t

defines a solution of the differential equation

ut − γ(∇u,−1)
2∑

i,j=1

γpipj (∇u,−1)uxixj = 0

on the domainΩ = {x ∈ R
2 | |x| < R = 0.035355} for t ∈ (0, 0.125).

Thus the mobility is chosen asβ = 1/γ. The exact solution is given by
u(x, t) =

√
1 − 4t− 100x2

1 − x2
2. The condition (1.12) is easily checked

for this anisotropy and it is satisfied, if we choose the parameterλ = 81.0.
Since the quantityρ = λ infSn γ− γ then is a small number, it is necessary
to choose the time stepτ ≤ τ0 with a relatively smallτ0. We useτ = 0.01h
as a uniform time step size. A coupling of time step sizeτ and grid size
h is necessary for the test computations only. The asymptotic order of the
errors then is not spoiled, see Theorem 4.3. Table 1 shows the grid sizeh,
the errors

error(V ) =

(
M∑

m=0

τ

∫
Ωh

|V m − V m
h |2Qm

h

) 1
2

,

error(ν) =
(

max
0≤m≤M

∫
Ωh

|νm − νm
h |2Qm

h

) 1
2

,
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Table 2. Absolute errors for the test problem withτ = 0.5h

h error(ν) eoc error(V ) eoc L∞(H1) eoc L∞(L2) eoc

6.e-2 7.8945e-2 – 2.6047e-2 – 1.0669e-1 – 2.1472e-3 -

3.e-2 2.3428e-2 1.75 4.7939e-3 2.44 4.1133e-2 1.38 6.8904e-4 1.64

2.2104e-2 2.2062e-2 0.20 3.2553e-3 1.27 3.4393e-2 0.59 3.4702e-4 2.25

1.261e-2 1.3073e-2 0.93 2.2360e-3 0.67 1.9276e-2 1.03 1.7314e-4 1.24

6.6578e-3 8.4522e-3 0.68 1.5444e-3 0.58 1.3128e-2 0.60 1.2520e-4 0.51

3.4120e-3 6.3062e-3 0.44 1.2419e-3 0.14 1.0222e-2 0.11 9.7372e-5 0.38

1.7261e-3 4.8719e-3 0.38 1.0307e-3 0.27 7.9901e-3 0.15 7.1246e-5 0.46

Fig. 1. Frank diagramF (left) and Wulff shapeW (right) for the anisotropy (1.2)
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area

-3time x 10

0.00

2.00

4.00

6.00

8.00

10.00

12.00

14.00
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Fig. 2. Weighted area as a function of time for different values of the parameterλ

and the corresponding experimental orders of convergence (eoc) be-
tween two succesive grid sizes. We add two columns with the errors in
L∞((0, T ), H1(Ω)) andL∞((0, T ), L2(Ω)). Obviously the results of the
asymptotic error estimates of Theorem 4.3 are reproduced in our test com-
putations. That a condition of the formτ ≤ τ0 is necessary for smallρ can
be seen from Table 2, where we have chosenτ = 0.5h.
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lambda=0.27

lambda=0.2675
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lambda=0.2625
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Fig. 3. v as a function of time for different values of the parameterλ

A stability result for the natural norms

v(m) =

(
τ

m−1∑
k=1

∫
Ωh

β(νk
h) |V k

h |2Qk
h

) 1
2

, area(m) =
∫

Ωh

γ(νm
h )Qm

h

(5.1)
follows from Theorem 3.1 under the condition that the parameterλ satisfies
the conditionλ infSn γ− γ ≥ 0. In particular, from the stability estimate in
Theorem 3.1 it is obvious that the quantityarea is a decreasing function of
the time stepm,m = 1, . . . ,M . Since it is not known, if this condition is
optimal, we computed the quantities (5.1) for different values ofλ. These
values are visualized in Fig. 2 and Fig. 3 as a function of time. The tests
show, that a condition on the size of the parameterλ is necessary for stability.
Here we did not use an exact solution but only provided the initial data.

The most interesting examples for our problem are anisotropies which
are close to crystalline weights. In Fig. 4 and 5 we show the results of a
long time computation for an anisotropy function which is a regularized
version ofγ(p) = |p|l∞ so that the Frank diagram is a cube and the Wulff
shape is an octahedron. The regularization is made such that the Frank
diagram becomes strictly convex and smooth. We have chosen a non zero
constant right hand side for the equation. In Fig. 4 we show the level lines
of the initial function, of four time steps and of the stationary solution. The
boundary values were kept fixed during the evolution. We can see that the
octahedral shape develops during the evolution. In Fig. 5 we show the initial
graph and the stationary graph. The domain was the unit disk.
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Fig. 4. Level lines for the timesteps0,250,500,750, 1000,3000 for a regularizedcrystalline
anisotropy

Fig. 5. Initial value and stationary solution for a regularized crystalline anisotropy

6. Appendix

Lemma 6.1 Letu andv be inH1,∞(Ω) and assume that|∇u| ≤ K a.e. in
Ω. Then there exists a constantc0 = c0(K) > 0 such that

|sν(u) + (1 − s)ν(v)| ≥ c0 a.e. inΩ, for all s ∈ [0, 1].

Proof. We have for alls ∈ [0, 1] by (1.4)

|sν(u) + (1 − s)ν(v)|2

= |s (∇u,−1)√
1 + |∇u|2 + (1 − s) (∇v,−1)√

1 + |∇v|2 |2

= s2 + (1 − s)2 + 2s(1 − s) ∇u · ∇v + 1√
1 + |∇u|2√1 + |∇v|2
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≥ 1 − 2s(1 − s) + 2s(1 − s) ∇u√
1 + |∇u|2 · ∇v√

1 + |∇v|2

≥ 1 − 2s(1 − s)
(
1 +

K√
1 +K2

)

≥ 1 − 1
2

(
1 +

K√
1 +K2

)
,

which implies the result. ��
Remark 6.2In a typical application of this resultu will be the continuous
andv the discrete solution, for which no uniformgradient bound is available.

Lemma 6.3 Letu andv be inH1,∞(Ω). Then we have a.e. inΩ:

|Q(u) −Q(v)| ≤ |ν(u) − ν(v)|Q(u)Q(v)(A.1)

|∇(u− v)|2 = (Q(u) −Q(v))2 + |ν(u) − ν(v)|2Q(u)Q(v)(A.2)

Proof. The first relation is a consequence of the fact that−1
Q(u) and

−1
Q(v) are

the last components ofν(u), ν(v) respectively, while (A.2) follows from an
elementary calculation. ��
Lemma 6.4

|(ν̄m+1 − νm+1
h ) − (ν̄m − νm

h )|2Qm+1
h Qm

h

≤ (1 + cτ)|∇(em+1 − em)|2 + cτQm+1
h Qm

h (τ2 + |ν̄m+1 − νm+1
h |2).

Proof. Using (A.2) and the relation(∇ū,−1) = Q(ū)ν(ū) we derive

|∇(em+1 − em)|2 = |∇(ūm+1 − ūm) − ∇(um+1
h − um

h )|2
= |∇(ūm+1 − ūm)|2 − 2 ∇(ūm+1 − ūm) · ∇(um+1

h − um
h )

+|∇(um+1
h − um

h )|2
= (Q̄m+1 − Q̄m)2 + |ν̄m+1 − ν̄m|2Q̄m+1Q̄m

−2〈(Q̄m+1ν̄m+1 − Q̄mν̄m), (Qm+1
h νm+1

h −Qm
h ν

m
h )〉

+(Qm+1
h −Qm

h )2 + |νm+1
h − νm

h |2Qm+1
h Qm

h

=
(
(Q̄m+1 − Q̄m) − (Qm+1

h −Qm
h )
)2

+2(Q̄m+1 − Q̄m)(Qm+1
h −Qm

h )(A.3)

+|(ν̄m+1 − ν̄m) − (νm+1
h − νm

h )|2Qm+1
h Qm

h

+|ν̄m+1 − ν̄m|2(Q̄m+1Q̄m −Qm+1
h Qm

h )

+2〈(ν̄m+1 − ν̄m), (νm+1
h − νm

h )〉Qm+1
h Qm

h

−2〈Q̄m+1ν̄m+1 − Q̄mν̄m, Qm+1
h νm+1

h −Qm
h ν

m
h 〉 .
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Let us look at the last term separately. Clearly,

〈Q̄m+1ν̄m+1 − Q̄mν̄m, Qm+1
h νm+1

h −Qm
h ν

m
h 〉

= 〈Q̄m+1ν̄m+1 − Q̄mν̄m, ν̄m+1〉(Qm+1
h −Qm

h )

+〈Q̄m+1ν̄m+1 − Q̄mν̄m, νm+1
h − ν̄m+1〉(Qm+1

h −Qm
h )

+〈Q̄m+1ν̄m+1 − Q̄mν̄m, νm+1
h − νm

h 〉Qm
h

=: A1 +A2 +A3.

Note first that

A1 = Q̄m+1(Qm+1
h −Qm

h ) − 〈ν̄m, ν̄m+1〉Q̄m(Qm+1
h −Qm

h )

= (Q̄m+1 − Q̄m)(Qm+1
h −Qm

h )

+(1 − 〈ν̄m, ν̄m+1〉)Q̄m(Qm+1
h −Qm

h )

= (Q̄m+1 − Q̄m)(Qm+1
h −Qm

h )

+
1
2
|ν̄m+1 − ν̄m|2Q̄m(Qm+1

h −Qm
h ).

Furthermore, observing that

Q̄m+1ν̄m+1 − Q̄mν̄m

= Qm+1
h (ν̄m+1 − ν̄m) + (Q̄m+1 −Qm+1

h )(ν̄m+1 − ν̄m)

+(Q̄m+1 − Q̄m)ν̄m

as well as〈ν̄m, νm+1
h − νm

h 〉 = 〈ν̄m − 1
2(νm+1

h + νm
h ), νm+1

h − νm
h 〉 we

obtain

A3 = 〈ν̄m+1 − ν̄m, νm+1
h − νm

h 〉Qm+1
h Qm

h

+〈ν̄m+1 − ν̄m, νm+1
h − νm

h 〉(Q̄m+1 −Qm+1
h )Qm

h

+〈ν̄m − 1
2
(νm+1

h + νm
h ), νm+1

h − νm
h 〉(Q̄m+1 − Q̄m)Qm

h .

In conclusion,

〈Q̄m+1ν̄m+1 − Q̄mν̄m, Qm+1
h νm+1

h −Qm
h ν

m
h 〉

= (Q̄m+1 − Q̄m)(Qm+1
h −Qm

h ) +
1
2
|ν̄m+1 − ν̄m|2Q̄m(Qm+1

h −Qm
h )

+〈Q̄m+1ν̄m+1 − Q̄mν̄m, νm+1
h − ν̄m+1〉(Qm+1

h −Qm
h )

+〈ν̄m+1 − ν̄m, νm+1
h − νm

h 〉Qm+1
h Qm

h

+〈ν̄m+1 − ν̄m, νm+1
h − νm

h 〉(Q̄m+1 −Qm+1
h )Qm

h

+〈ν̄m − 1
2
(νm+1

h + νm
h ), νm+1

h − νm
h 〉(Q̄m+1 − Q̄m)Qm

h
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so that we obtain by inserting this expression into (A.3)

|∇(em+1 − em)|2

=
(
(Q̄m+1 − Q̄m) − (Qm+1

h −Qm
h )
)2

+|(ν̄m+1 − ν̄m) − (νm+1
h − νm

h )|2Qm+1
h Qm

h

+|ν̄m+1 − ν̄m|2(Q̄m+1Q̄m −Qm+1
h Qm

h )

−|ν̄m+1 − ν̄m|2Q̄m(Qm+1
h −Qm

h )

−2〈Q̄m+1ν̄m+1 − Q̄mν̄m, νm+1
h − ν̄m+1〉(Qm+1

h −Qm
h )

−2〈ν̄m+1 − ν̄m, νm+1
h − νm

h 〉(Q̄m+1 −Qm+1
h )Qm

h

−2〈ν̄m − 1
2
(νm+1

h + νm
h ), νm+1

h − νm
h 〉(Q̄m+1 − Q̄m)Qm

h .

In view of the regularity of̄u and (A.1)

|∇(em+1 − em)|2
≥ |(ν̄m+1 − ν̄m) − (νm+1

h − νm
h )|2Qm+1

h Qm
h

−cτ2|Q̄m+1Q̄m −Qm+1
h Qm

h |
− cτ2|νm+1

h − νm
h |Qm+1

h Qm
h

−cτ |ν̄m+1 − νm+1
h | |νm+1

h − νm
h |Qm+1

h Qm
h

− cτ(τ + |ν̄m − νm
h | + |ν̄m+1 − νm+1

h |)|νm+1
h − νm

h |Qm
h .(A.4)

Again by (A.1),

|Q̄m+1Q̄m −Qm+1
h Qm

h | ≤ |Q̄m+1 −Qm+1
h |Q̄m + |Q̄m −Qm

h |Qm+1
h

≤ c|ν̄m+1 − νm+1
h |Qm+1

h + c|ν̄m − νm
h |Qm+1

h Qm
h .

Inserting this inequality into (A.4) and using (4.11) we finally obtain

|∇(em+1 − em)|2 ≥ (1 − cτ)|(ν̄m+1 − νm+1
h ) − (ν̄m − νm

h )|2Qm+1
h Qm

h

−cτQm+1
h Qm

h (τ2 + |ν̄m+1 − νm+1
h |2)

which implies the result.
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