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Error analysis for the elastic flow of parametrized curves

Klaus Deckelnick* Gerhard Dziuk!

Abstract: We analyze a semidiscrete numerical scheme for approximating the evolution of parametric
curves by elastic flow in R™. The fourth order equation is split into two coupled second order problems,
which are approximated by linear finite elements. We prove error bounds for the resulting scheme
and present numerical test calculations that confirm our analysis.

Mathematics Subject Classification (2000): 35K55, 65M15, 65M60.

1 Introduction

Let z : [0,27] — R™ (n > 2) be the parametrization of a closed curve. For A > 0 we consider
the functional

2m
E\(z) = %/0 Kk2ds + \L(z), (1.1)

where £ denotes the curvature of the curve and L(x) is its length. Furthermore, ds is the
arclength element. The first part in E) is the well-known bending energy; in view of its
scaling properties, it is common to penalize length giving rise to the second term in (1.1).
The critical points of F) are called elasticae. A natural way to obtain stable elasticae is to
consider the limits as ¢ — oo of the gradient flow associated with E) which is given by the
following evolution equation

1
m = =Viy— 5Py + Ay, (1.2)

where y = x4 is the curvature vector and Vf = fs — (fs,7)7, T = x5 denoting the unit
tangent. Obviously the velocity z; has no tangential component.

For n = 2, Polden [6] proved the global existence of smooth solutions for (1.2). The cor-
responding result for curves in arbitrary codimension was obtained in [5]. That paper also
suggests a numerical method in order to calculate approximate solutions of (1.2). A different
scheme was used in [1] for the length preserving elastic flow. A special feature of their ap-
proach is that it introduces a tangential motion which leads to good numerical properties of
the scheme. However, up to now there is no error analysis for the two abovementioned meth-
ods. The purpose of this paper is to introduce a new finite element scheme, which respects
the variational structure of the problem, and to carry out an error analysis.

The elastic flow for surfaces is called Willmore flow. Error estimates for the Willmore flow of
two—dimensional graphs have been obtained by the authors in [2]. The underlying evolution
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equation for the height function is a nonlinear strictly parabolic PDE of fourth order. In con-
trast, the equation (1.2) is a nonlinear system of fourth order which is in addition degenerate
in tangential direction. This degeneracy is due to certain invariance properties of the operator
and complicates the analysis. A numerical scheme for the Willmore flow of two-dimensional
surfaces is presented in [4] for the semidiscrete problem.

For a survey over numerical methods for geometric PDEs we refer to [3].

Notation. We denote by || - ||z»(1 < p < o0) and || - || 1 the norm of LP(0,27) and H'(0,27)
respectively. For p = 2 we write || - ||z2 = || - ||. Finally, (-,-) is the euclidean scalar product in
R™.

2 Variational formulation and discretization

Let us begin by deriving a formula for the first variation of Fy which we shall use in order to
deduce a suitable variational form for (1.2). The curves z = z(u) to be considered are defined
on [0,27] and are in general not parametrized by arclength so that we have

Ty, 1 (azu > 1
T=7— Y=7—\7v7—) = ——Tu

1 27 ) 2m
Ba@ =5 [ loPlea A [ e

and hence for all ¢ € Hrl)er((o, 27), IR")

Thus,

2 2 2
Ea).0) = [ el +5 [ WPro) ) [ o)

where y4 denotes the derivative of y in direction ¢ and Hf,er((O, 27), IR") is the space of all
periodic functions in H' ((0, 27), IR"). In order to calculate y,4 we write the relation between
x and its curvature vector y in variational form, i.e.

21 21
/ (v, 0)|za] + / () =0 Vi€ Hlop((0,21),RY). (2.1)
0 0

As a consequence for all ¢ € Hll)er((O, 2m), R™)

2 27 27
/0 (s ) 0] + /0 (0, 9)(r. bu) + / L (P i) = 0,

0 |7l
where P is the projection matrix P = I,, — 7 ® 7. Using ¥ = y in the above identity then

gives

2 2T 2T
Eiao) == [ o Pues) =5 [ Pro)+x [ o)

||
It is therefore natural to introduce the following weak form of the gradient flow for the
functional F:

2 2 (wa ¢u) 1 2T ) 2 B
| ol = [ 2 T Rra) +a [ o) = 0 e2)

’xu’
21 2T
/0 (v )l + /0 () = 0 (23)

for all ¢, ¢ € Hg)er((O, 2m),R") and 0 < ¢ < T. It is not difficult to verify that for a smooth
function = (2.2), (2.3) is equivalent to (1.2).



We now use (2.2), (2.3) in order to define our numerical scheme. Let 0 = uy < u; < ... <
un—1 < uny = 27 be a partition of [0, 27] into subintervals I; = [uj_1,u;] and hj := u; —uj_1
as well as h := max;—1. n hj. We require the following inverse assumption

h<ch; forallj=1,.. N, (2.4)
where ¢ is independent of h. Let us denote by X}, the space of linear finite elements, i.e.

Xn = {m €C°0,2n)) | m)1; is a linear polynomial,j = 1,..., N
and np(0) = np(27)}

with the usual nodal basis {¢1, ..., on }. In order to deal with vector—valued functions we also
introduce X}' := {¢p, : [0,27] — R"|¢p; € Xp, @ = 1,...,n}. We denote by I; the Lagrange
interpolation operator,

N
Inf = fluy)e;
j=1
for which we have the standard interpolation estimates

If = Infll + Bl fu — Tnf)ull < CR?||fllr2 Vf € Hier(0,2m). (2.5)

Furthermore, the following properties will be useful

/Ij|¢h|2 < /ijhnw]sc /Ij|¢h|2 (2.6)
/Ij(%ﬂbh) = /Ij[h[((bhﬂph)]_éh?/lj((bhmwhu) (2.7)

for j =1,...,N and all ¢p,p € X;'. Let us finally introduce

Zp = {2n : [0,27] — R™| 2y, is constant, j = 1,..., N}

and define Qp, : H! ((0,271), [R") — Zp by (Qnf) f, j=1,..,N. Clearly,

I = 777
%] I

If = Qufll < Chlfllar. Vf e HY((0,27),R"). (2.8)

The semi—discrete problem corresponding to (2.2), (2.3) can then be stated as follows: find
xh,yp : [0,27] x [0,T] — R™ such that xp(-,t),yn(-,t) € X;',0 <t < T and

27 27 P, 21
/ Tul(@nes &) [zl — / (Pt n) _ 1 / Tullynl) (s )
0 0 0

|xhu| 2

2T
A /O () = 0 (29)

21 27
/ T [(yns )] [na] + / () = 0 (2.10)
0 0

zp(,0) = Iyao (2.11)

for all ¢p,, 1, € X7 and 0 <t < T. Here, we have used the abbreviations

Lha

= , Phn=1,—7m Q7.
|xhu|

Th



Remark 2.1. a ) In view of (2.3), (2.10) the terms )\f027r(7', ¢y) and )\fozw(Th,thu) can be

replaced by —\ f027r(y, ®)|zy| and —A f027r In[(yn, On)]|Tha| respectively.
b) By inserting ¢, = zp into (2.9), ¢, = yp into (2.10) differentiated with respect to time

and observing (3.5), (3.6) below, we immediately obtain the following energy decrease as long
as the discrete solution exists:

2T ) d 1l 2 ) 2
[ itiewPliand + 5 {5 [l Plend 42 [ jand} <o

An analagous testing procedure will be at the heart of our error analysis.

Note that our choice of the initial datum in (2.11) determines y(-,0) € Xj' through the
relation

21 2w ((Ihxo)uﬂ/)hu)
/0 In[(yn (-5 0), )l (Ino)ul +/0 T (Inzo)e]

The following result shows that y,(+,0) is a good approximation of y(-,0).

=0 forall ¥ € X} (2.12)

Lemma 2.2. Suppose that xpg = Ipxg. Then for h < hg

ly(-,0) = yn(-, 0)|| < Ch.

Proof. Recalling (2.12), (2.7) and the relation y(-,0) = — ( o )u we obtain

X

B
o

21
/0 LTy (-, 0) = (- 0), )] (Tnzo)ul
21
_ /0 (Iny (-, 0) = y(- 0), ¥n) | (Inzo)ul
2 2m x i
0600 Uno)al — o)+ [ (G~ )
0 0

(Inzo)ul  |Toul

_|_

1<h
+62hj/ ((Zny (5 0))us Yru) [(InT0)ul

for all ¢y, € XJ'. Clearly, (2.5) and an inverse estimate implies that
|S1] + |S2] + [Sa| < Chllnll;

while

N

Sy = Z(T/’hullj’ej)v ej = hj(;zEZj; : izEZj:BI — 10(m;)) + (hjo(m;) — /1 Todu)

=1

with 79 = IngI and mj = (uj—1+u;)/2. The error formula for the midpoint rule and a Taylor

expansion yield |e;| < Ch? and hence
53] < Chl[¢n]|

again by an inverse inequality. The result now follows by setting v, = Iy(-,0) — yx(-,0). 1



Our main results are the following error bounds:

Theorem 2.3. Let x : [0,27] x [0,00) — R™ be the solution of (1.2) with smooth initial value
x(+,0) = xo and T > 0. Then there exists hy > 0 such that (2.9)-(2.11) has a unique solution
on [0,T] and

T
sup (1) — (Ol + / lee(t) — (- 0)|2dt < CH? (2.13)
te[0,7] 0
2 T 2 2
sup [y, 1) — yn( I + / 19u(st) — g DIPdE < Ch (2.14)
te[0,7] 0

for all 0 < h < hg. The constant C depends on T, inf g or) [Tou| and on higher norms of the
solution x of the continuous problem.

In order not to overburden the presentation and in view of the global existence results for
the continuous problem, we do not trace the precise norms of the continuous solution.

The proof of the theorem will be carried out in §3. It turns out that in order to gain control on
the first derivatives of z it is necessary to deal separately with the directions and the lengths
of x,, xp, respectively. This is due to the degeneracy of the PDE in tangential direction.

3 Error analysis

Let us fix T > 0. In view of the smoothness of the continuous solution there exist constants
0 < ¢y < Cj such that

T
co < |zul < Co, |yl < Co in [0,27] x [0, T, / Iyul2mdt < Co. (3.1)
0

Standard ODE theory implies that (2.9)—(2.11) has a unique solution (zp,yp) on some time
interval [0,7}] (T > 0) such that

1 , Th
50 <znu| <2C, |yn| <2C) in [0,27] x [0,T}], / [y ||70 dt < 2C. (3.2)
0

Let us define
Ty, = sup{t € [0,T]|(zn,yn) solves (2.9)—(2.11) on [0,t] and

1 . !
560 < |xhu| < 20y, |yh| <2Cp in [Ov 27] X [Ovt]v / ||yhu||%°°dt < 200}
0

Our aim is to show that 7), = T for small h. To this purpose we shall prove the bounds (2.13)
and (2.14) on [0,7}] with constants only depending on T', ¢, Cp and norms of the continuous
solution allowing us to continue the discrete solution. By the definition of T}, we have

560 < Il < 2Co, [yn] < 2Co on [0,24] x [0,T3), /0 U ldiede <20 (33)
For later use we note some useful identities:
(v,w) = 1-— %\v —w?  for v,w € R", v = |w| =1 (3.4)
lzule = (T T), [Thale = (Thews Th), (3.5)
T = ﬁPwtu, Tht = ﬁf’hxhw. (3.6)

We split the error analysis into several steps starting with two lemmas that provide the basic
estimate.



Lemma 3.1.

co ) S| 1
_H$t - xht” - (—Pyu — PhYhu, Ttu — $htu)
4 0wl |Zhul

1

2
_5/0 (’9‘27 - ‘yh’27'h,$tu - xhtu) < C(h2 +ly — yh”%{l + [ 2] = [Thl ”2)

Proof. Inserting ¢, = Ipzy — xp in (2.2) and (2.9), taking the difference of the resulting
identities and recalling Remark 2.1 as well as (2.7) we infer

2T 27
1 1
/ |2 — Tpe|? || — / (—Pyu — —Pryhu (Int)u — Thtu)
0 0 ‘ u‘ ’ hU‘

1 21

27
—5/ ([y*7 = lyn*mn, (In2t)u — Thiw) = / (xr — Inwe, op — Tpe)|ne|  (3.7)
0 0

2 21
A / (5 — Y Int — n) ] + A / (v, Ine — o) (12l — 2nal)
0 0

N
1 1
ts Z h?/ ((l’hm, (In2t)u — Thta) |Tha| — §!yhu\2(7h, (Int)u — xhtu))
=1 7l

5

2T
n / (2, Tnwe — ) ([l — 2a]) = 3 85
0

i=1
We deduce from (2.5) and (3.3) that
» Si<s / 2 = e |nul + C (B + lly = wnll® + | 12u] = [2nal [IP)- (3.8)
1#4
On the other hand, an inverse estimate, (3.3), Young’s inequality and (2.5) imply

N
1
Si < g > h?/ { = 1Unz)u = 2htul® + (Inz)us Tn)y — Thew) Hhl
j=1 I

N
oy /I (1)l + 1 (Tt — 9al) | (nee) — ol

< OW? + Cllyu = ynall®. (3.9)

Furthermore, since

21 21
/ (Ttus 2n) :/ ((Inat)u, zn)  Van € 2y,
0 0

we obtain with the help of (2.5) and (2.8)

21 1 1 27 1 1
(—Pyu - —Phyhuy (Ihxt)u) = / (—Pyu - —Phyhuwrtu)
0 |zl |Zhul 0 | |

2m 1

27

1 1

< / (—Pyu - —Phyhuyxtu) + Ch2
(N |Zhal

and similarly

1

2
—/0 (Iy1*T = lyn*7h, Inze)u) <

2T
5 / (’?JFT - \yh\27h7$tu) + Ch* + Clly — yn|*.
0

6



The result now follows after inserting the above inequalities as well as (3.8), (3.9) into (3.7)
and observing (3.3). 1

Lemma 3.2. We have for e > 0

1d

21 21
1
— T Ly = wnl? Payy — ——F -
2dt/0 [l Iny — ynl“|] \xhu!Jr/O (| P = o Pihs Yo Yhu)

1 2m 2m
—5/ ly — yh|2($htu,7'h) +/ ((xmﬂ')y — (Thtws Th)Yn, Y — yh)
0 0
< eller —anl® + Ce(h® + lly =yl + |7 = mll® + Il ul = [znal 7).
Proof. We differentiate (2.3) and (2.10) with respect to time; in view of (3.6) and (2.7) we
obtain

2 1

2
/ Tn[(Tnge — ynes )] |2nal + / (- Pay —
0 0

—— P htus Yhu)

|l |Zhul

2T
+/ ((@tws 7)Y = (@hews Th)Yns Un) (3.10)
0

27 27
= / (Ihyt - yta¢h>|$hu| + / (ytﬂ/)h)(|$hu| - |xu|)
0 0

+= th/ Ihyt uy¢hu)|xhu|+ Zh2/f yhuywhu)($htua7—h)

J
for all ¢y, € XJ'. If we choose ¢y, = Iy — yp, in (3.10) we obtain

1d
2dt

1

|l

P‘Ttu_

27 2
Ll Iny — ynl?] |zha + / (— ——Prohiu, InY)u — Yhu)
0

’ hU‘

27 2
1
+/ (@tw, 7)Y — (@hew, Th) Y, Iny — yn) — 5/ \Iny — ynl* (T htus Th)
0 0

27 2
= /0 (Inye — ye, Iny — yn)|Tha +/ (e, Iny — yn) (|zha| — |2u])

| =

N
1

+= th/ {Wnus (Iny)u — Ynu) + §f(fhy)u—yhu\2}($htu77h)

7j=1

_l’_

N 4
S8 [ (e = wmdland = 305
=1

=1 j

[N
<.

We infer from (2.5) and (3.3)
[S1] 4 19a| < C(h* + lly — yn 1 + Il au| = lznal II7),
while an inverse estimate along with (3.3) implies

|53 Ch? (Ilynullze + 1(Zny)ullzo) | (Tny)u — Ynull el
Ch(llynllze + 1yllze) (Iny)u = yhull (1(Tn2e)u — Theall + [|(Tnze)ull)
ClUIny)u = ynall (1Hnwe — znell + 1)

ellze — zpel* + Ce(h® + lyu — ynull?)-

(VAN VAN VAN VAN

Using again an inverse inequality we obtain

1S4] < CR?|(Tnye)ull 1(20Y)u — ynull < C (B2 + ||y — ynl?)-



As in the proof of Lemma 3.1 we have

2m 1 1
/ (—thu — —Phxhtua ([hy)u)
0 |Zhal

2
1 1
> [ (o Po o Phan ) - O
0 |xhu|
Furthermore, a straightforward calculation shows
1
—§|Ihy — unl? @htus ) + (@, 7)Y = (@htws T YRy InY — Yn)
1 2
= 5y =yl (@neus ™) + (@tus 7)Y — (Thtw Th) YR, Y — Yn)
1
—§\y - fhylz(xhtuﬁh) —[(@tu = Thtus T) + (@htw, T — )Y, ¥ — Iny).
Similarly as above we estimate

2m
1
‘/ (_§|y - Ihy|2(xhtu7 Th) - [($tu — Thtu T) + (xhtiu T = Th)](yv Y- Ihy))
0

Clly = Iyl (Ily = Inyll + I7 = i) llzhtull + 26w — 2heall 1y — Inyl
Ch2(h2 + |7 - Th”) (||$htu — (Inzt)u| + ||(Ihil7t)u||)

+OR? (|20 — (Tnwe)ull + [(Tne)u — Thoul))

ellze — zpel” + Ce(h* + |7 — 7l?)

VANVAN

IN

and the assertion follows. |
The next lemma combines the above results.

Lemma 3.3.

o
Te/le — |+ ¢'(t) < CR* + C(ly —ynllip + 17 = 7l® + Nzl = lznal 12),

where
1 27 ) 1 27 ) )
) = 5 [ Bty =l e = 5 [ Pl = o)
0 0
27
Thul — |T 1|x
+/ (7| | ~ | u|(7'h—7')+—| hu|\7'h—7']27',yu).
0 || 2 |y

Proof. It follows from Lemma 3.1 and Lemma 3.2 with ¢ = % that

o o 1d [*7 2 i
— |zt — zpell” + == Il Iny — ynl”) |2hal + (A+B)
8 2dt 0 0
< CR?+C(lly = ynlln + I = 7ll® + 2wl = |zhal 1), (3.11)
where we have abbreviated
1 1
A = —§(|y|27 - |yh|27_h7517tu - :Ehtu) - §|y - yh|2(33htuv7—h)
+((.Z'tu, T)y - (‘ThtUJ Th)yh7 Yy — yh)7
1 1
B = (—P$tu - —Phxhtuvyu - yhu)
|| |Zhul
1 1
—(—Pyu - —Phyhmmtu - xhtu)'
|| |Zhu



Let us rewrite the terms A and B. To begin, a straightforward calculation shows that
Lo o Lo Lo
A = —§\yl (Thtus Th) + 5’?4‘ (Thiu, T) + g‘y’ (Ttu, T)

1

+§|yh|2($tu,7—h) - (yvyh)($tu77—)

1 0 1 1

= _’?JP_(_‘%hu’ + (ﬂfhuaT)) - g‘yp(xhuﬂ't) + 5‘9’2($tu77h - T)

1

—|—§|y — ynl* (@, ) + U,y — Yn) (T, T — Th).-

Using (3.6), the symmetry of P and (3.4) we obtain

@) = 20 (pry ) = W8l ) 4 L
|| || 2 |z
In view of (3.4) we have —|2py| + Ty, T) = —3|7 — Th|?|7ha| and hence
1 0 Th
A = 2 (el + Lpea - e g )

|l

1 Ip
P2 i Ly~ o) + (59— )T~ )

£
As a consequence we deduce

2T 1d 2T ) )
A > -4 -
[ A= 5 [ e =l

~C(lly = yull® + 7 = 7l + Maral = lznal II7)- (3.12)

Next, recalling (3.6)

1 1 1
B = (yu,Pl’hm) + —(Phyhuymtu) - —(thuayhu) - —(Phxhtuyyu)

|Zu| |Zhul |l |Zhal

1 1 1
= (Yu, [—=Phu — 7 + 7t) = (Yu, (—)tPThy + — Pepu + 1)
1 1

+ (@ pus T——Pryhu — — PYhu)-

|l |l

Combining the relation P, = —7 @ 7, — 7w ® 7 with (3.5), (3.6) we have

1 | 1o T [Tkl
+P —P = P, — Pz, — P
(’ u’) xhu ’f]}'u’ tLhu ’f]}'u’2( ‘Ttu) Th ‘qu (Th7T) Tty ’qu( Th7mtu)7—
and hence 1
B= (yu, [ﬁP:Ehu — T + T]t) + (zu, 21) + (T, 22) (3.13)
u
where
Ty 1 1
21 = | u2| (Ths T)PYu — —PYu — —PYnu + —— PYnu
|l |Zu || |Z |
TRl |Z 1
zg = 5 (PThy Yu)T + 15 (Yu, T) PTh + Pryhu — ——PYnu-
|| |Zu|? |Z | |
Clearly,
1 Tp 2 Ip 1 1
o= o () Py () - D)2y o+ (- ) P )

| b



while

|Z

z2 = ’x ’2 ((Thayu)T_2(T7Th)(T7yu)T+(T7yu)Th)
u
+—’xhu‘ ((Ynu, T)T = (Y Th)Th)
‘xhu’ ’xhu‘ 1
= yTh =TT o7 — Th) + (Yu, T —— ) =T
o =D o7~ T ™) 00D~ ) )

T 1
okl (1 )T (e — 0TI — (e — ) ).
’xu’ ‘xhu’

Observing that

1
mpxhu—Th“‘T:(
u

1|xhu|
—1)(mp—7)+ 2

|$hu|

|2
|7

|7 — 73

T

and inserting the above form of z1, z2 into (3.13) taking into account (3.4) we arrive at

o d %7 o] — |7l 1 [zhal
B > 2 Thul = | Tuf Z Bl g2
/0 = it 0 ( ’xu’ (Th T) + 2 ‘xu‘ ’Th T‘ T,y )
~C(llyw = ynal® + 17 = 7l + | zul = lznal [12)- (3.14)
Combining (3.11), (3.12) and (3.14) completes the proof of the lemma. 1

In order to proceed with the error analysis we have to deal with the terms ||y, — Y|, |7 — 73]
and || |zy| — |Zhw! || which appear on the right hand side in Lemma 3.3, but which cannot be
handled directly with the help of a Gronwall argument. We start with the following

Lemma 3.4. We have in [O,Th) and for e >0
17— 7l® < e(lly = yull® + Haul = lznul II?) + Ce(h? + [l — 2ll?).
Proof. We deduce from (2.3) and (2.10) that

27 27
/ (T = Thy Yhu) = —/ (W — Iny, Yn)|enul — (s Yn) (7] — [2hul)
0 0

27 1 N
—/ In[(Iny — yns ¥n)]|Thal + 8 Z h? / ((Iny)u Vhu) |Thal
0 j=1 j

I;

for vy, € X}'. Inserting v, = Iz — x we derive

27
/ (T — Th, Ty — Tha)
0
< Sllr =7l + Csh® + €(lly — ynll? + | || = |2nal [7) + Ce (bt + ||z — zp]?).

Using (3.4) we see that
1
(7= Tn 2w = 2ha) = (7 = 7o [l = 2l ) = 517 = 7l (2] + o))

and we complete the proof by choosing § small enough. |

In what follows it will be convenient to write the finite element scheme as a difference scheme.
To do so, we introduce the quantities
Tj —Tj-1

1
j = wn(uy), Y5 = yn(wy), @5 = loj —aj-1ls a5 = 5 (g + gj1) s 75 = = X
J J—

10



for j = 1,..., N where here and in the following we use N-periodic indices, e.g. Ty+1 = 1.
We insert ¢, v, = @;ef(k = 1,...,N) as test functions into (2.9), (2.10) respectively and
obtain

. 1 1
ajij + ——Pj1(yjt1 — y;) — —Pj(y; — yj-1) (3.15)
qj+1 qj
1
+2 (i P + 1y 741 = (=1 + i ))75) = Mrjma —75) = 0,
ozjyj — (Tj+1 — Tj) = 0, (3.16)

where we have used the abbreviation P; = I — 7; ® 7;. Note that (3.4) and (3.16) imply

1 1
(Tj+1 = 75 73) = —5I7j41 — ml* = —50‘?‘%!2
and hence
1 1 2 1 2
(Tj+1,y5) = E(Tj-i-laTj—i-l —Tj) = 5%’!%’\ . (15,h5) = —504]'\%\ : (3.17)
J

Lemma 3.5. We have for e >0
[u = ynull® < €llzs = zpell* + Ce(h? + 2 = 2al® + lly = yall® + |l 2ul = [2nal 7).
Proof. Let us split the difference y,, — yn,, as follows:
Yu = Yru = Pr(Yu — Ynu) + (Yu = Ynus Th) Th- (3.18)

In order to estimate the first term on the right hand side we note that (2.2), (2.9) as well as
Remark 2.1 imply

2T 1 27 1 1
/ (Po(yu — Yhu) s Phu) = / ( Py — —— Py, o)
0 0

|$hu| |xhu| |517u|
21
+ i { (@, on)|zu] — Inl(@he )| zhal }
2
—% ; {1y1*(Snus ) — Inllynl*l(Bhu, ) }
2T
-A ; {(y, on)|wu| — In[(yn, dn))|Thul } (3.19)

for ¢, € XJ'. Inserting ¢, = Ipy — yp, into (3.19) and using similar arguments as above we
obtain in view of (3.3)

5 1Ph 0 = 90 P < Bl = P+ el — (3:20)
+(Cs + C (I + I = mnl* + lly = yul® + I zul = fonal [12)-
Let us next consider the term (Y, — Ynu, 7h)7h. We first observe that
Wur 7) = (1 T)u = (7)) = —laal [y in [0,27] x [0, T]. (3.21)
The discrete analogue of this relation follows from (3.17), namely
Lo L

(yj —yj—1,75) = —§Oéj|yj — §Oéj—1|yj—1|2 (3.22)
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where we have used the notation introduced above. Combining (3.21) and (3.22) we find in
I

(Wu = vr )l < Clr = w5l + aul = [nal |+ C(ly = yj-al + |y = w5)
C
+o—(laj — g1 + g1 = 451)-
j
Combining (2.5) with an inverse estimate we find that

G541 — 5] < hjsrl |Tn@)u| = [2nal |10 + OB + Byl [(Tn)u] — |2nal |1,
< VA Tn2)ul = |zhal 22,01, + CB? (3.23)

and therefore

2 N
/ (Yu = Yhu, Th)* = Z/ (Yu = Yhus 75)
0 j=171i
N
< 0h2+02{/ (|T_Th|2+|y_yh|2)+/ |I$u|—lxhull2}
I I‘,lUIjUIjJFl

j=1 J J
< O +lm = 7l* + ly = wnll® + | [2u] = |2hal 1)

This estimate together with (3.18), (3.20) and Lemma 3.4 yields the desired bound after
choosing ¢ sufficiently small. |

The most difficult part is to estimate the error in the length element. The basis is an ODE
with respect to time for the lengths of the polygonal curve. In order to motivate the structure
of this ODE we note that (1.2) implies that (x4, 7) = 0 and hence by (3.6) and the definition
of y
’xu’t = (7'7 xut) = (7—7 xt)u - (Tuymt) = _(Tuymt) = _(yyxt)‘xu" (324)

Lemma 3.6. The discrete length element satisfies

. 1 . .

q; + 3 ((l’j,yj) + (xj—layj—l)) g = R; (3'25)
with Rj = Sj — Sj_l and

1
Sj = =7 (ys+1 = y;

J

1 A
? — lyj — yj—1\2) + 1—6\yj\4(q]'+1 —qj) — Z’yj’2(qj+1 —qj)

1 1
+1—6’yj’2\yj+1’2(q]'+2 +2qj41) — 1—6’%!2\%—1!2(%—1 + 2q;)

for j=1,..., N with N-periodic indexing.

Proof. Obviously

G5 = (75, 25) — (7, &-1)- (3.26)
Let us calculate the expressions on the right hand side of this equation. For practical reasons
we use the abbreviation 1

i = 5yl + ).
From (3.15) and P;j7; = 0 we deduce

a; (75, ;)
1

1
= i (75, Pj+1(yj+1 — y5)) + 5 (Jj = (Tj41, ) Jj11) + MTj1 — 75, 7).
J

12



Next, (3.4) and (3.16) imply that

1 2
Piamy = 7= (141, 7)Tj01 = 7j = T + 51T = 75 750
1
= —o4y; + B} ]|yy| Tj+1, (3.27)

and using again (3.4) we deduce

2
. Q
aj(ijxj) = q_—il(ypyjﬂ —?Jj) 20,4 \yj\ (T Tj+1,Yj+1 _?Jj)
J
1 1 A
+§(Jj —Jjt1) + Zaj‘yj‘ Jj+1 — 505\%‘\2

The elementary relation (y;,yj+1) = —3|yj+1 — Y5> + 3|yj+1|* + 5|y;|? together with (3.17)
finally implies that

. 1 2 2 2, 1
Tj,Tj > (y+1l” = lys1°) — Yir1 —Y1" + 5= (J; = Jjn
( J y) 2qj+1 (| Jj+ | | J| ) 2Qj+1| J+ ]| 2aj( J Jj+ )
1 A
2 2 2 2
4 \y]\ (ojt1lyjs1l® + oyly;] )"‘Zaj’yj‘ Jip1 — 5%’\%’ . (3.28)
aj+
Similar calculations lead to the equation
(51,73) = s (lygal® = lg5-21%) + ———lyj 1 — g2l + —— (Jy1 — Jy)
2Qj—1 2Qj—1 20[j_
aj_1
—4; lyi—1? (aj—1lyj—1* + oj—alyj—2|?) (3.29)
1 2
_Zaj—1|yj—1| Ji—1+ §Oéj—1|yj—1| :

In order to derive an equation of the form (3.25) we still have to rewrite the euclidean product
between &; and y;. Recalling (3.17) we obtain

1

1
Py =y; = (Y5 7)75 = y; + §aj\yj!27j= Piiy; =y — §aj!yj!27j+1~ (3.30)
With these relations we obtain from (3.15)
. 1 1 1 1
a;j(@j,y;) = — (yj + 551yi1* 75,55 — yi-1) — — (v — 545y; P41, Y541 — y))
q; 2 gj+1 2

1
1 (O‘j|yj|2=]j + O‘j|yy|2 ]+1) + )‘O‘J|yj|2

and hence with the help of (3.17)

. 1 2 2 1 2 2 1 2
Tj,Y5) = — Yi+11” — |Y517) + Yil" — |yj—11") + Yi+1 — Yj
(] ]) 2ajq]'+1 (‘ ]+’ ’]’) 204]'(]]'(‘ ]’ ’] ’) 2anj+l‘]+ ]’
1
2 2 2 2
+ yj = yi—11" = i l* (lys|* + aj1lyj—
2%\] = gl (sl + gyl
2 2 1 2 2
4q !y]\ (ovj1lyjail® + oly;] )—Z\yj\ (Jj + Jjt1) + Ay;)° (3.31)
7+
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Let us combine (3.28), (3.29) with (3.31) for j and j — 1. Recalling the definition of J; and
sorting terms we obtain after some elementary calculations

o1 -

1 . 1 .
5955 95) + 545(E5-1,yj-1)

= (75,%5) — (75, %j-1) + 5

qul.ﬂ - 4qj(f1aj) (lyjsal® = ;) + %j (lyj—11* = lyj+1l?)
_40;1 (lyj—2I* = ly;1*) + (4(]j—q1j04j_1 - 2q;_1) (151 — lyjsl?)
+£j (Iy51* = lyj—1*) — 4;_1 (I = lyj—1 )
_(2‘1]1' 1 da; qqu'—l)’yj_l -l - (2q]1'+1 - 4aj(§j+1)‘yj+l —ul’
+(4a] 405_ Nyi =il + (ﬁ - gq(jil) (jly;* + gy [*) Lyl
+(quj 11 - 8%_ ) (aj—2lyj—2l* + ajaly;—1 ) ly—1

1

—= (|yj—1|2 +1y;1%) (ej-1lyi—a)? + ajlys]?) + %|Z/j|2 (ly;1* + lyj+1]?)
a] 1

Y- 2 (Jyj— of* + y—1] ) 4 \%’\2 (\%‘—1\2 + 2’%‘\2 + \yj+1\2)
16
A
__]’yj—ﬂz (’%’—2’2 + 2ly—1* + |y ) — —(Oéj—l\yj—lfz + aj’ij)
16 2
A
+§Qj(\yj—1\2 + \%’\2)-

We observe that

1 q; . 1 q; 1 . 1
2¢j+1  4Agjnoy daj’  Agjirogo1 25 4oy’
o 4G _ % g 1
4gj41  8qj41 4gj-1  8q¢j—1 8
and after rearranging and simplifying obtain the claim of the lemma. |

Lemma 3.7. We have for t € [0,T},)

t
Izl =z )OI < Ch* + C/O lz — anll® + lly — ynl® + llwe — znl*dt. (3.32)

Proof. Let us define &, = Inx, y, = Iy and introduce the quantities

- - - - - - 1, . Ti— Tj—1

Zj=a(wy), G5 = y(wy), @5 = 8 = &1l & = 5 (@G + ), T = =—=—1
l‘] — l‘]_l

From (3.24) and Lemma 3.6 we infer that on the grid interval I;

R;

1 .
(lzul = lenul)y = =@t Ylzal + 5= (@5, 95) + (-1, 95-1)) 45 = 7=
J j
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and hence

(2l — [0+ 8)] — (@ — 200) (- 0) —hi/0 IR; | dt
< %/0 | (25, 55) + (-1, 55-1)) @5 — (&5, 95) + (£5-1,95-1)) ¢j| dt

1 [, . . ~ L
+F/0 ‘5 (@5, 95) + (@j—1,75-1))) |T5 — Tj—1| — hy (@, y) ||| dt
)

IN

t
C/ 195 — sl + 125 — @] + [F5-1 — yj1| + |21 — 25| dt
0
1 t
+ol / G — ;| dt + Ch, (3.33)
hj Jo
C t
< ﬁ/o 9n — ynllLz(;) + 1 Zne — znell L2y + 1Zhul — [ZhalllL2 ;) dt + Ch

C t
< ﬁ/o ly = ynllrzy) + llze — 2nell o) + 2wl = [2hulll L2 dt + Ch.

Here we have used the assumptions (3.2) and the smoothness of the continuous solution.
Next, we estimate the remainder term R;. According to Lemma 3.6

Rj=8;—Sj—1  with Sj = S;(qj-1, 45, ¢j+1: Gj+2, Yj—1, Yj» Yj+1)- (3.34)
One easily shows by Taylor expansion that
1551 = 155(d5-1, G5 Gj+1, j2s Ti—1, Gj> Gi1)| < CRP.

We demonstrate this for two typical terms:

1 5 5 5 C . 5 5 - -
HH‘% — Gi1l® = G412 — GP < ﬁ!yj—l — 205 + Fjl|Tj+1 — Fj—1| < Ch?,
]

(@1 = Gl = 1801 — &3] = |75 — 5| < |81 — 285 + Fj0] < CRP
Altogether we have with Rj = Sj — Sj_l that
’R]‘ < ‘R] — R]‘ + Ch2 (335)

and it remains to estimate the difference between R; and ffj.
We treat the terms in (3.34) separately. The smoothness assumptions on the continuous
solution implies the estimate

95 — Gj| < V/hill |zu] — [2hal ”L2(Ij) + Ch?- (3.36)
This inequality will be used often in the remaining estimates. Firstly,

1 2 2 1 ~ ~ 12 ~ ~ 2
To; (lyj+1 — ys1> = ly; —yj—1?) — e (1G41 = 4 = 135 — F1)
< C(lgj+1 — Gl + g5 — Gl)
Ch 2 1~ 2 2 52 )
+Ch( ynul® = G0l 101 + ynal® = |0l

< OV |wul = [2hul 22(1,01,4) + CF?
+C\/E‘|ghu - yhu||L2(1jUIj+1)(]‘ + ||yhuHL°°)
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Also,

1 1 . 5. - -
1—6|yj|2|yj+1|2(qg‘+2 +2gj41) — 1—6|yj|2|yj+1|2(qg‘+2 +2Gj11)
< Chllgn = ynll e,y + Claj+2 — Gl + a1 — Gj41)
< CVRgn — ynllz2r.. sy + CVAI 2| = |Zhal lz2(7. 01,0 + CR.

Yn = YnllL2(1541) u hul WL (11101 12)

Treating the remaining terms in S; — S*j in a similar way as above we finally obtain
Rj| < Ch?+ CVR(Ileul = lznal 2y + Iy = wallzag) )

+CVR (Il = gl 2y + Plvadlzzg) ) (14 lgmalli ) (3:37)

where we have set [(;) = I;_2Ul; 1 UI;Uljy1 Ui Combining the inequalities (3.33) and
(3.37) we arrive at

’(’xu’ - ‘xhu’)('7t)’1j < ‘x()u - thu‘Ij +Ch

C t
+ﬁ/0 1y = ynllrz2qg,y) + lloe = @nell2g,y) + Heal = @hal 22, d

1

c ! 2 2 2 % ! 2 2
h </0 19 = nallze gy + P19l dt> <1 " </0 el dt> )

We square this result, integrate over I; and then sum from j = 1,...,N. Recalling that
xpo = Inzo and (3.3) we obtain

¢
(|2l = |zna ), 1)]? < Ch? + C/ ly = yallFn + llze = wnell® + [ ou] = ol [Pdt.
0
Lemma 3.5 with € = 1 together with a Gronwall argument completes the proof. |

We are now in position to complete the error analysis. Lemma 3.3 implies
t t
Co
16 / s — @pel|® dt + (1) < CR? + C/ ly = ynlFn + 7 = 7l + || |2l = nal |* dt
0 0
since ¢(0) < Ch? by Lemma 2.2. Recalling (2.6) and (2.5) it is straightforward to see that

(1) = %Oll(y =y (I = 8l (12l = lznul) GO = C5 (B + (7 = ) (- O)11%).

Hence, in view of Lemma 3.4
co [* 2 €0 2 2
16 J, lze = anell™ dt + 1y = wu)OI7 < dll(Ju] = lznul) (2]

t
+Ca(h2+H(T—Th)(wt)Hz)JrC/O ly =yl + I = 70l + Haa| = lnal I dt
< (04 Co)ll(lul = lena) (DI + €Coll(y — yn) (. O + CoCel (2 — an) (-, 1)
t
+C&(1+Ce)h2+0/0 ly = ynllFs + 17 = 78 l? + [l = 2l 7 dt.

Using Lemma 3.7 and Lemma 3.5 we infer after choosing first § and then e sufficiently small
that

C t C
3 / e — wnall? dt + 51w = wn) (DI < C (02 + | — 2n) (1))
0

t
+C/ lz = 2all* + ly = yull* + 7 = hll* + [ lzu] = zpal | dt. (3.38)
0
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t 2m
Since ||(z — z3) (-, D)||? = ||(z — 2) (-, 0)||* + 2/0 /0 (21 — xpt)(x — xp) we infer

t t
||(:E—l‘h)(',t)”2 §C’h2—|—e/ H:Et—xhtH2dt—|—C'E/ H:E—:EhH2dt, e > 0.
0 0

Combining this estimate with (3.38) and using once more Lemma 3.4 and Lemma 3.7 we
deduce that the function

p(t) = ll(@ = 2n) O + 1@ = yn) G OIP + (2l = lzna )OI + / e — e dt

satisfies .
p(t) < Ch? + C/ p(s)dt, 0<t<T.
0

Gronwall’s lemma implies that p(t) < Ch2for0<t< Th and hence

Th
sup (||(!E—$h)(',t)\|§{1+||(y—yh)(wt)||2)+/ 1Y — Ynall” + |z — 2pe|[*dt < Ch?. (3.39)
0<t<T}, 0

Here we used the relation z, — 2y = |24|(7 — 7) + (|2 | — |2hu|)7h and note that the constant
C only depends on T, €0, Cy and norms of the continuous solution.

We can now prove that T, n = T. If not, we would have Th < T'; the smoothness of the solution
along with (3.39) and an inverse estimate would then imply that

at
(zu = @na) Ol (Y = yn) ()]l < CVA, / 1yu = ynullZoedt < Ch,
0
which combined with (3.1) would give
3 3 3 A T ) 3
760 = |[Zha| < 500, lyn| < 500 on [0, 27| x [0, 7], [ynullzecdt < 500,
0

provided that A < hg and l}o is sufficiently small. However, we could then extend the discrete
solution to an interval [0, T} + ] for some 6 > 0 with

1 R T, 46
560 < [onal < 2Co,  Jon] < 2Co on [0,2] x [0,y + 9], / gl 2 dt < 2C0
0

contradicting the definition of T},. Therefore T}, = T and (3.39) yields the desired error
estimates in Theorem 2.3.

4 Implementation and numerical results

The spatially discrete elastic flow (2.9), (2.10), (2.11) can be written as a system of ODEs

for the unknown vector-valued function = (x1,...,2n) with z; = (z;1,...,2,).
1 . 1 1
5(%’ +¢j+1)2 + —— Py (Y1 — y5) — — Py — yj-1) (4.40)
dj+1 4q;
1 1 ) 5 1
1((!%! + |yl —— (1 — 25) — (g1 + [y — (2 — 25-1))
dj+1 qj
1 1 1 1
—A(—x 1—(— + — a:-+—a:-_1):0,
gj+1 I (qj+1 qj) T g
1 1 1 1 1
—(q; +q; 1y-—<—az- 1— —+—x-+—x-_1):O 4.41
2( i+ q5+1)Y; Gt i+ (qj+1 qj) J 4 J ( )
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for j =1,..., N periodically in N. Here we again have used the abbreviations

1
G =l =l m= @), B=lonen.
j
The initial value is given by x;(0) = zo(u;). Note that in this ODE system the grid sizes h;
in the parameter interval do not appear. In this sense our algorithm is ”intrinsic”.
For the implementation we used the following semi-implicit time discretization of (4.40),
(4.41). We adopt the generic notation

2™ =z(mr), m=0,...,mp

with m7p7 = T for the evaluation of the function z on the m-th time level.

Algorithm 4.1 (Fully discrete elastic flow). Let a:? = xo(u;). For the stepsm = 0,...,mp—1
compute
qun:|x;n_x§n_1|’ Tj = —m ]:177N

3
<.
<
[y

and solve the linear system of equations

1 1 1 1 1 1 1 1
2—(% +qfi) T + o Ty =yt - i (7™ =)
1 1 1 1
7 (" 4 19 P) o (it = 25 = (g + L") = (7 = 2f40)
9j+1 9

1 1 1 1 1
(et — (o Lyaret s Lami) = Ly g o,
q;'?}i-l j+1 (q;?}i-l q;n) J q;?1 j—1 o\t j+1)%5

1 1 1 1 1

+1 +1 +1 +1) _

2@+ Gt = (et = (G + )t ) =0
J J J

for j =1,..., N periodically with respect to N.

Let us write the linear algebra form of this Algorithm in order to show its simplicity. We
define the matrices

M = dlag(l(q] +q]+1)>

1 1 1 1

S = tridiag( -+ —, ——>,
5” 4" q§n+1 %

Sk = tridiag< — —m (5kl ;. l)
qJ

1 1 1
(5kl k J» l) T(5kl ]-‘rl kT +1 1) (5kl ]-‘rl KT, +1 z))
qaj" 95+1 41

R = —trldlag( (|yj 1|2 + |y.;n| )
.7

1
a2 ) — e (P ) e (2 + )
J q]-l—l qit i+1

and omit the notation for the time dependence. The meaning of diag is obvious, M is a
diagonal matrix. tridiag denotes a tridiagonal matrix except for two entries in the last column
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of the first row and in the first column of the last row, which are due to the periodicity. If we
now denote by

Xp = ($1,k7 cee axN,k)v Y = (yl,kv cee 7yN,k)7

the coefficient vectors of the k-th component, then the system in Algorithm 4.1 can be written
as

1

—ng+1 Z Skry]" ™!+ B+ ASX = — M
=1

Mym+1 + szﬂ-l =0

fork=1,...,n
If we eliminate y from the first equation by using the second equation, then we finally arrive
at

1 1
J\4ka+1 + § S M TS 4 Rx 4 ASxT = — M (4.42)
T
=1

(k=1,...,n). We solve this linear system of equations with the BICG-method. It should be
mentioned that for this system also the CG-method converged.

There is no stability estimate for the fully discrete scheme yet. Experimentally we observed
that a time step restriction of the form 7 < eh? was sufficient for stability of the fully discrete
scheme. A better choice is, and this is what we used for long time computations,

0<7<e inf |z;—z;_1|°. (4.43)
jzlv"'vN

Here we typically have chosen ¢ = 0.1 and s = 2. In computations with large deformations
of the curve which appear in short time we have chosen s = 3. Note that condition (4.43)
makes the time step size time dependent.

Example 4.2. We start with a test for convergence. For this we use an exact solution of the
problem for A = 0. Following [5] we use

(1+2t)7 (cos (u + 0.1sinu), sin (u + 0.1sin u)), (4.44)
ylu,t) = —(1+ 215)_i (cos (u+ 0.1sinw),sin (u+ 0.1sinu)) (4.45)

8
—~
£
=

I

for u € [0,27], t € [0,1] and n = 2. We computed the discrete solution with Algorithm 4.1
and with a time step size 7 = 0.1h%. Then we computed the following errors. For generic
continuous and discrete functions z and z;, we use the notation

E(OO7272) = sup HZ(’7mT) - ZfTH?
1<m<mT

E(2,2,z) ( Zqu mT —zhu||)

We computed the errors E(o0,2,z), E(c0,2,y), F(2,2,2,), E(2,2,y,). For this we used
integration formulas which are exact in P5. In addition we computed the errors in the following
expression:

N

1 1, ... _—
E(00,00,z) = sup  sup |z((j + 5)h,m7) — = (21" (jh) + 21 ((j + 1)h)) |
1<m<my 0<j<N 2 2
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for z = x and z = y. The results for the position vector x are shown in Table 1 and for
the curvature vector y in 2. They confirm our theoretical results for the norms which involve
gradients and indicate that quadratic convergence can be expected for the L? and L norms.
We add Table 3 which shows errors and experimental orders of convergence for E(o00, 2, |x,]|)
and F(2,2,x;). The numbers in the Tables are not rounded but just cut off after four digits.

Table 1: Errors and orders of convergence for the position vector z in Example 4.2.

h E(00,2,2) eoc | E(2,2,z,) eoc | E(co,00,x) eoc
0.6283 | 0.01500 — 0.9309 — 0.06877 —
0.3141 | 0.003320 2.175 | 0.4720 0.979 | 0.01789 1.942

0.1570 | 0.0008437  1.976 | 0.2366 0.996 | 0.004517 1.986

0.07853 | 0.0002122  1.990 | 0.1184 0.999 | 0.001132 1.996

0.03926 | 0.00005311 1.998 | 0.05921 0.999 | 0.0002831 1.999

Table 2: Errors and orders of convergence for the curvature vector y in Example 4.2.

h E(00,2,y) eoc | E(2,2,y,) eoc | E(co,00,y) eoc
0.6283 | 0.01876 - 0.6691 — 0.05365 -
0.3141 | 0.004371 2.102 | 0.3413 0.971 | 0.01454 1.883

0.1570 | 0.001091 2.001 | 0.1712 0.995 | 0.003708 1.971

0.07853 | 0.0002733  1.998 | 0.08566 0.999 | 0.0009314  1.993

0.03926 | 0.00006842 1.997 | 0.04283 0.999 | 0.0002331  1.998

Table 3: Errors and orders of convergence for the test example 4.2.

h E(00,2,|zy]) eoc | E(2,2,z;) eoc
0.6283 | 0.08550 — 0.01372 —
0.3141 | 0.03893 1.134 | 0.003371 2.025
0.1570 | 0.01863 1.062 | 0.0008610  1.969
0.07853 | 0.009201 1.018 | 0.0002166  1.990
0.03926 | 0.004585 1.004 | 0.00005424 1.997

Example 4.3. Next we compute the evolution of an ellipse under the elastic flow. Here we
have chosen zo(u) = (cos (u),4sin (u),0) for u € [0,27] as initial parametrization. We have
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chosen xp0 ; = 20((j — 1)h) and the computational data were n = 3, N = 100, h = 0.06283,
7 = 0.0001240 and A = 0.025. In Figure 1 we show the evolving curve. The grid does not
degenerate according to our theoretical results. But the difference in size of the faces of the
polygon becomes quite large. Note that this is due to the fact that we solve the full PDE (2.2),
(2.3) for the position vector x. Since the elastic flow of curves has purely normal direction
and since we approximate this flow, the discrete solution has this property approximately
too. Thus the nodes at regions of high curvature of the initial ellipse have to become close in
the end. Since we do not impose tangential motion onto the system this effect has to appear.
Otherwise we would not solve the correct problem.

For practical purposes one can introduce tangential motion into the scheme which keeps the
grid pleasant. The easiest possibility to do this is to reparametrize the curve after some time
steps according to arc length. Another possibility is presented in [1]. We did not use any of
these approaches for our computations since we wanted to treat the pure elastic flow problem.
Let us mention that the scheme in [5] is quite similar to our scheme except for integration by
parts in the continuous variational equation. That scheme suffered from undesired tangential
motions which do not appear in our scheme. Our scheme has the property that it respects
the variational structure of the elastic flow problem also in the discrete setting, cf. Remark
2.1.

In Figure 2 we present the value of the functional E together with a graph which describes
the behaviour of the grid by showing the evolution of the parameter

_ SUPj—1,..N |2j — x4

infyoy N g — @yl

Example 4.4. We finally compute the evolution under elastic flow for a curve which for
6 = 0 is a hypocycloid. The parametrization of the initial curve is given by

zo(u) = ( - g cos (u) + 4 cos (bu), —g sin (u) 4 4sin (5u), d sin (3u)) .

It is well known [6] that multiple coverings of a circle are stable stationary solutions for
codimension one, i. e. for n = 2. This is not true for higher codimension (n > 3). Obviously
for n = 2 the initial curve evolves to a fivefold covering of a circle (Figure 3). Here the
computational parameters were A = 0.025, N = 200 and the time step was chosen as in
(4.43) with € = 0.1 and s = 2.

) 000C

=0.0 t=124 t=06.2 t=124 t=24.8

Figure 1: Evolution of an ellipse under elastic flow (Example 4.3).
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Figure 2: Evolution of the functional F) (left) and evolution of the grid parameter o (right)
for Example 4.3.

It is worth noting that our scheme keeps the initial curve planar even if we compute in three
dimensions, i. e. n = 3. There are no round off errors introduced into the third component of
the solution of the elastic flow.

If we start with an initial curve which is slightly perturbed in vertical direction, we have
chosen 4 = 0.1, then for ”small” times up to about t = 1000.0 the evolution is quite similar
to the twodimensional case. But then the curve begins to unfold in a complicated manner
and evolves to a single circle. This is shown in Figure 6.

The computational parameters were A = 0.025, N = 200 and the time step was chosen as in
(4.43) with e = 0.1 and s = 3. In Figure 4 we plot the value of E) against time for planar
and perturbed hypocyloid. Finally, Figure 5 shows the evolution of the grid parameter o in
both cases.
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