[soparametric finite element approximation of
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Abstract

The discretisation of geometric problems often involves a point-wise ap-
proximation of curvature, although the discretised surfaces are globally only
of class C%*. We define a discrete second fundamental form by means of an
La-projection in the context of isoparametric Lagrange-elements of polyno-
mial degree v. We prove that the order of convergence with respect to the
L2-norm for this discrete second fundamental form is v — 1.

1 Introduction

In many interesting mathematical, physical and engineering problems the curvature
of surfaces plays an important role. Often these surfaces are free boundaries and are
to be determined as one of the major unknowns; some examples are mean-curvature
flow, dendrite growth or equilibrium figures of freely rotating drops. The numerical
treatment of these problems can be difficult if the curvature enters the governing
equations explicitly. Often it is possible to arrive at a weak formulation which
does no longer explicitly contain higher derivatives of the free boundary (Dziuk,
1991, for example). When such a weak formulation is not known (Schmidt, 1996;
Heine, 2006, for example) one needs a pointwise definition of ”curvature” for the
discretised surface.

This paper is concerned with the approximation of the second fundamental
form of a Ck-hypersurface I' ¢ R™*! in the context of an approximation I';, of T
with isoparametric Lagrange finite elements. Using the coordinates of the ambient
space R"™1 we can write

II = Vur (1.1)

for the Weingarten map, where vr denotes the outer unit normal field of I" and M
its tangential gradient. In Section 3 we use a weak formulation of (1.1) to define a
discrete second fundamental form I, for the C%!-surface I';,. Section 4 establishes
Ly-estimates for II;, for the case n < 3. Finally Section 5 presents the results of
experimental convergence tests with respect to the La- and Lo,-norm.

*Abteilung fiir Angewandte Mathematik, Universitdat Freiburg, Hermann-Herder-Stralie 10,
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2 Notation and Fundamental Definitions

2.1 Differential geometry

In the following I' ¢ R™*! is an n-dimensional isometric C2-immersion into R"*1!.
We identify the tangent space Tpl' at a point P € I' with the affine hyperplane
of R"! which is tangential to I" at P. We denote the (local) outer unit normal
field by vr = (v1,..., Vng1) : I — R"TL For f € C1(T") we define the tangential
gradient of f on I" by

M f=Vf—(Vf-vp)vr e R,

where Vf denotes the usual gradient of R"*1. Above definition makes sense only
if f is extended to a neighbourhood of I". However, M-f does not depend on the
extension but only on the values of f on T Likewise, for w = (w;)74" € (C* (1"))”Jrl
we define its tangential divergence by - w := V- w — (Vw; - vr) v; and we define

the Laplace-Beltrami operator of g € C%(T) by
Arg =\t - Vrg.
The Weingarten-map IT = (IIy, ..., II,4;) : T — RO+FDx(+1) ig defined by
I, =NV, 1<i<n+1.

1T is the usual second fundamental form but written in the coordinate frame of the
ambient space R™*! with zero-extension to (TpI')*. For P € I' the eigenvalues
ki, 1 <i <, of the second fundamental form IT(P)|r,rx1,r are called principal
curvatures of I at P. Further, we define the mean curvature Hr, the curvature
vector Yr and the Gauss curvature Kt at P by

n n

ZKJZ‘, YF = ’I’LHF vr, K[‘ = HK/i' (21)

i=1 i=1

1

HF = -
n

Elementary computation yields the formula —Aridr = Yr for the curvature vector
Yr. Finally, for OT' = () the formula for integration by parts on I is given by

/fodo:—/prdo, fecym). (2.2)
I T

2.2 Function spaces

For Q C R™ open we denote by L,(€2) and H}"(£2) the usual Lebesgue- and Sobolev-
spaces with the corresponding norms

el = ([ o de)”s lallig o = (S 1P"lE )"
k=0

with the usual modification for p = co. For p = 2 we simply write H™(Q) :=
HZ'(©). By C™*(Q) and || - ||Cm,a(§) we denote the usual Holder spaces and
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their associated norms. Using local coordinate-charts it is possible to carry over
the definitions of Sobolev- and Hoélder-spaces to a differential manifold I'. The
resulting spaces are independent from the special choice of the coordinate system
up to norm-equivalence. In particular, Wloka (1982, pp. 92) shows that the spaces
H™(T) are well defined for a C™~11l-manifold T' for any m € N, which covers
especially the case of the C%!-manifolds constructed by the finite element approach
of Section 2.3 below. For an n-dimensional C%!'-immersion I' ¢ R™*! we choose

[ulr(ry == 4/ [r Mu - Vudo for the H' semi-norm.

2.3 Isoparametric finite elements

For simplicity we consider a compact closed C* !-hypersurface I' ¢ R"*! where
k > 1. We note that the results could be extended to immersions but this would
involve some notational complications. Because the sectional curvature of T" is
bounded there is 6 > 0 such that the decomposition

r=m(x)+dz)v(zr), withm:U —T,
is unique for z € U := {z € R*"*!|dist(x,T') < §}, where d(z) € C*(U) is a signed

distance function and v(z) := Vd|;(,. It follows that v(z) is normal to I' at 7(x)
with |v(x)] = 1.

Figure 2.1 Construction of I')

To construct an isoparametric finite element approximation I} of I of given
polynomial degree v we first approximate I' by a simplicial polytope I'}, with as-
sociated triangulation 7,! = {T}}| T} is a face of '} }. The polytope I'}, must be
contained in the d-strip U where the projection 7 is well-defined. Then, for any
simplex T} € 7;}, we take the images 7(Q;) of the canonical Lagrange-nodes @; of
T,} and define an isoparametric simplex T, by applying Lagrange-interpolation of
degree 7 to the coordinates of the projected Lagrange-nodes 7(Q;), see Figure 2.1.
The result is a discrete surface I') of class C*! and associated isoparametric trian-

gulation 7, where T}/ := q);’; (T) € 7, is an image of a reference simplex T cR"
under a polynomial parametrisation @%ﬁ : T — T, of degree . By construction I‘,ll

interpolates I'} between its vertex Lagrange-nodes. This will be a helpful feature
in Section 4 below.
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On I} we define parametric finite elements which again are piece-wise polyno-
mial of degree v or over the reference simplex 7"

-~

W) := {vp, € COHTY) | Oy v = (vh 0 @) €Py(T) VT € T} (2.3)
The finite element space W,/ (T'}) is virtually isoparametric as the local parametri-
sation of I'} over the reference simplex is piecewise a polynomial of degree 7; so we
have in particular idpy € (VV;(I"Z))W|r1

Because m|py is by construction a bijection we can lift v, € W(T})) to 7, €
COY(T) by

Tn(y) = (r o) (y) = on(r ' (y), w e}, y=m(z)

We call a family of isoparametric triangulations {7, } >0 quasi-uniform if there is
¢ > 0 independent from h with

h<cp(T) VT €7, with h:%neaT?h(T),

where for T' € 7, we denote by h(T') the diameter of 7" and by p(T') the radius of
the largest ball contained in 7.

3 Definition of the discrete curvature

In the following I';, always denotes a C%!-approximation of a closed compact C* -
immersion I' € R"*! of dimension n with W, < H!(T';) such that idp, € (W,)" .

DEFINITION 3.1 (DISCRETE CURVATURE VECTOR) Under the given assumptions
the discrete curvature vector Yy, € (W,)" " is defined as the solution of

(Vi ¥n)a(rn) = (Vaidr,, Vo, ¥n)ia,)  Yon € (W) (3.1)

This definition follows Schmidt (1993) and is motivated by the identity
/YF “pdo = —/ Aridr -9 do = / Yeidr - M do Yo € (HY(T))"H,
r r r

with Yr := n Hv and ' € R**! at least C™1, see Section 2.1. The experimen-
tal convergence tests for the case of a sphere presented in Schmidt (1993) show
approximate linear convergence in the L? and L® norms for quadratic Lagrange
elements and no convergence for linear elements.

For the definition of the scalar mean and Gaussian curvature we have a look
at the Weingarten map II, see Section 2.1. To derive a weak formulation for
I = (I, ..., ,41) € ROFDX0HD we multiply the identity II; = “r(vr); by a
test-function ¢p € HY(T), integrate over I' and take the integration by parts formula
(2.2) on page 2 into account. Carried over to I'y, and W}, this yields:
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DEFINITION 3.2 (DISCRETE WEINGARTEN MAP) The discrete Weingarten map
I, = (I}, ..., 1YY € (W) "0 s defined as the solution of

, , , _—

(II]]p ¢h)L2(Fh) = _(V;w %h : wh)LQ(Fh) - (1/;747 Yh : ’(/}h)Lz(Fh) th € (Wh) )

(3.2)

where Y}, is the discrete curvature vector defined in (3.1) and vy, = (v}, ..., vith)
is the (discontinuous) outer normal field of T,.

We use II;, to define the discrete mean curvature Hj, and discrete Gaussian curva-
ture K}, in the obvious way, see Section 2.1.

4 Error estimates

THEOREM 4.1 Let T' C R™™ (n < 3) be a closed compact embedded hypersurface
of class C™ Y withm > 1 and 1 <~y < m. Let {T,) }r>0 be a quasi-uniform family
of isoparametric triangulations of T' of polynomial degree v. Then it holds for the
discrete curvature vector and the discrete Weingarten map Yy, II, € W) (I'})) that

1Y = YallL, @) < ek, (4.1)
[T — I |1, ry < ch' (4.2)
where ¢ = ¢(o, v, T') does not depend on h.

REMARK 4.2 The regularity assumption for I' ensures that Y, IT € H™~1:°(T").

REMARK 4.3 Our proof of Theorem 4.1 is based on Dziuk (1988) who proves error
estimates for the discretisation of the Poisson equation on arbitrary surfaces using
linear finite elements. The numerical experiments performed by Schmidt (1996)
and our own numerical experiments (see Section 5) are in accordance with this
proposition. We continue with some intermediate results before we give a proof of
Theorem 4.1.

LEMMA 4.4 For up € W) (I')) it holds:

1 _
“Munlliamy < [@n Loy < ellunlliy @),

1 (4.3)
2N unllamn < TR0y < eIV, unllrs ) -
Proof . See Dziuk (1988). O
LEMMA 4.5 (INVERSE INEQUALITY) Let T € 7,'. Then it holds
o n/2+1
M, unlle, () < e unllLyery  Yun € Wi(T7). (4.4)

h(T)
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Proof . The proof is a one-to-one copy of the proof for non-parametric finite
elements. O

Following Dziuk (1988) we introduce the following abbreviations:
thuh = %uh = Vuh —Ury, - Vuh vry,
Py = 0i —vive, Hip :=dy,z, = Vig, = Vka,-

We have that Vuy(z) = (P(x) — d(z) H(x))VUh|p—d(z) vz and PH = HP = H.
The defining equations (3.1) for Y} can be rewritten using integrals over I instead
of Fh:

. 1 _ 1
/ Ve B do= / (Pu(l — dH)Nidr,) : (Pu(l — dH)Negi) — do,  (4.5)
r Hp T Hh

with pp, == d%' Obviously we have % < pp < ¢ < 0o. By defining the abbreviation
Ap = l% (I —dH)Py, (I —dH)P we arrive at

h
- 1 o _
(4.5) < / Y, - op—do= / (A;L . Wldph) : Mgy do. (4.6)
r Hh r
Alternatively, we can use the following formulation:

_ 1 1

/Yh -Pnp— do= /(Ph(I —dH)W) -gr— do= / By, : gy, do, (4.7)
r Hh r Hhp r

with By, := ,%h Py(I —dH)P. To cope with the error introduced by lifting W,/ (T'}))

to I' we need the following estimates:

LEMMA 4.6 Let ' C R™! be a closed compact embedded hypersurface of class
C™ 1 with m > 1. Let T, be a quasi-uniform isoparametric triangulation of I' of
polynomial degree 1 < ~v < m. Then

|d| < ch'Tt, (4.8)

11— pp| < eh (4.9)
|(Ap —I)P| < chTt, (4.10)
|(By, —I) P| < ch?, (4.11)

where ¢ = ¢(o, v, T).

(4.8) and (4.9) are already mentioned without proof in Nédélec (1976) for surfaces
in R3. Dziuk (1988) proves (4.10) for the linear case (y = 1) for surfaces in R3.
We nevertheless give a detailed proof of (4.9) because we think that the result is
not obvious, though the calculations are elementary.

Proof Lemma 4.6.  For any isoparametric surface I') we also have naturally a
simplicial polytope I'}, which interpolates the C™ !-surface I as well as I'} linearly
in the vertex nodes of the triangulation 7,'. Let T}) € 7, be an isoparametric
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element, T' = 7(T})) its associated lifted element and T} the corresponding triangle
which interpolates T} and T in the vertex Lagrange-nodes (Figure 4.1). Without
loss of generality we can assume that 7)) C R" x{0}. We use the following notations
for the coordinates on R™ ™!, T}l T}V and T

R o= (21, ..., Tpg1).

Tl: n=(m, ..., n,). Without loss of generality we can assume ; = z;, 1 < i < n.
We parametrise 7} and T over T}

T): €= (&), -y &ug1(n)). The coordinate functions &;(n) of T} are polynomi-
als of degree v over T}l

T: w(§(n)) = (mo&n), ..., Tny10&(n) = &(n) — d(§(n)) v(E(n))-

We remark that the coordinate functions &;(n) of I'} are “ordinary” (i.e. non-
parametric) finite element interpolations of polynomial degree v of the functions
m; 0 &(n) € H™TL°°(Th). This means that the usual estimates for Lagrange-inter-
polation apply with respect to the interpolation of 7; by &;. Equation (4.8) is then
clear because

HH > [m(e(m) — &) = [AEM) mEm)], 1<i< (n+1).

The estimate (4.9) for the surface element is more complicated. For any (n + 1)-
tuple (a1, ..., ant1) we denote by a; the n-tuple where the i-th component has
been omitted (e.g. ag = (az, ..., an41)). In this notation the surface elements doy,
on T, and do on T are

2 n 2

or—1% IO |? dr—r &
do = = —£| dn, do, = . &I dn.
¢ ‘ on 2 an | ) on 2 an|
k=1 k=1
So we have
do 3In/\ 2 87Tn/\ 2 " 8€A 2 oms: 2
PR Y] e —\ Sy | LR\ 4
doy, on on — on on

Figure 4.1 Parametrisation of I over T} over T}

(€M)
d(&(m))
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For estimating the individual determinants we employ Leibniz’ formula, using the
notation k; := i for i <k, k; :=i+ 1 for i > k:

%
on

n

B agkl 87775
= Z SgIl(O&)H 8’{] R s 8777

a€8n i=1 o)

n

=3 sen(@) [ a‘?}”’zﬁ). (4.13)

a€eS, i=1

First we note that T} interpolates T, as well as T linearly between their vertices. So
we have the following interpolation estimates for the derivatives of the coordinate
functions (1 < j <n):
9 M

0&; aﬁz

ch > - = —dijl, ch>|5— —dyl (1<i<n), (4.14)
ch > |8£n+1 , ch> \Ml. (4.15)
on; on;j
It follows that 5 5
af;‘ﬁch, aﬂgch (1<i<n), (4.16)

because each of the summands in Leibniz’ formula (4.13) contains a factor 6%;1
J

respectively M. Further, the polynomials &;(n) interpolate m;(n), so we have
|%’7;’: - %| < ch’Y Together with (4.16) this yields
17) 0 0
‘% % |‘ x| - gk ﬂ’“ | el (1<k<n)
=0(h)
(4.17)
It remains to estimate
2 2
| ‘85@\1 B ‘aﬂﬁ\l | (4.14 D] ' 06 ‘ T ] (4.18)
an on an
To find an estimate we have to consider the differences | 08 _ Omi) — |24 1, —d Ov;
on; on; on;

for 1 <14, 7 < n. From the approximation properties of {Z( ) we first get

% om, od y Ovy,

ch” > — v+ d— 1<k<n+1

- k=15 Y )
od 41 vy . o0l

= |z—| <ch” ae., because d = O(h""") and — is bounded as I' is C*".
on; In;

(4.19)

Further, we have v; = O(h) for 1 <i < n. To see this we apply the chain rule to

) _ 0| O 55 00| 0g
omi Oy lem)  On; — O le(n) On;
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So we get v; = 24 = O(h), 1 < i < n, by estimating each term according to (4.14),
ox

(4.15) and (4.19).i Therefore it holds

af’i aﬂ-i ad aV,L'
| = ‘7 Vi — d
on; n;

on;  On;

| =0, 1<i<n, (4.20)

because gzl is bounded as I is at least C1!. Together with (4.13) and (4.18) this
yields
2

2
| 8577;1 B aﬂn/ﬁ ‘ _ C| Gxn/ﬁ B 87Tn/+\1 | < ch'y"'l
o n o on |~ ’

which completes the proof of (4.9). We quote the proof for (4.10) from Dziuk
(1988) where the result is proved for the linear case (y = 1). The generalisation
for v > 1 is just a consequence of (4.9):

(AhfI)P:%P((Ide)Ph(Ide)PfI)P
h

@ p(r—dH)P,(I—dH)P —I)P+O(h+Y)

@S pp, PP+ oMY

= —Puy,vi P+O(R").
It follows from (4.17) and (4.20) that vp, = v + O(hY). So we have
(A — 1) P| < |Pup|* +ch Tt <éenrth

For (4.11) we similarly get

(Bh—1I)P = iPh((l—dH)P—I)P
Hh

L p (I —dH)P - 1) P+ O+

@9 pp_py O = —yp vl P+ O ) = O(h).

O

Proof Theorem 4.1. Let ¢ € W,(I')) be an arbitrary test-function. For brevity
we set || - |[2:= | [[Ly) and [| - [loo := [ [[Lc(r)- We have

1Y =il <1 [ (v =) (g = Vo) dol | [ (v =¥2)- (v =)ol (421)

=1 =1o
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To use the weak formulation (4.6) with I; we have to compensate for the factor ih
introduced by projecting the finite element functions to the smooth surface I':

11:|/<Y+uhy—uhy—m<@—mdo|
I
_ 1 _
s|/<Y—th>-<@th>do+||uh||oo/(Yfﬁm-(@fyh)dw
N N

(4.7) — —
<= sl 1Y 2 95 = Tl + lenlloe [ (7= Ba) P's S~ Vi) do
r

Lem. 4.6 11 __ - R
< ch" T [@h = Yalla + ¢ hY [V (@h — Ya) |11

Lem. 4.5 Tl _
< ch?™|@h — Yal|2-

So we finally get from (4.21):

AN

1Y — a3 < IV = Villa [IY = Brllo+ k™ B~ Talla Vi € W),
= ||Y = Ya|]2 £ ¢h?™!, by choosing ¢, = I;le, using that Y € H™~1°°(T).

This proves equation (4.1) of Theorem 4.1 on page 5.

The proof of the estimate (4.2) for the discrete second fundamental form II,
works very similar. As for the proof of (4.1) we start by transforming the integrals
in the defining equation (3.2) for II; into surface integrals over I'; we get

— 1 . —_ _ = _ 1
/Hh] ‘pp—do = —/ﬁj (Ah%(ldph)) :Men do—/ U’ Yy, - pn — do. (4.22)
r 122 r r K

Therefore

M =63 <1 [ (1, = T6) - (1 =) dol +| [ (01, =T - (= T o
T
<\ = Tl WL — Bl + 11— il oo |15 2 |5 — T

1 .
T llinl oo |/(Hj S oW 1
T Hh

=13
(4.23)
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We transform I3 by employing the weak formulation (4.22):
L <| / (v; Vhidy — 737 Ay, Veidr, ) : (Vs — Ty dol
r
T — —
41 [y - 2o (- T o
r 122
< (I[(An = I) Pllsc [[Sidr, |2 + [V (idr — idr,)[]2) [V (@R — ")l
+lvj = 77 ||oo | Vidr |2 [ M (@5 — T17) |2
+ iy oo 1Y = Yall2 [T — 22
+ (I Moo 127 = i lloo 1Y 112+ 111 = 2, Moo 1Y 12) 1[I — @Al
< ch" U, —3nlla (see (4.1), (4.9), (4.10), Lemma 4.5).

The remaining terms in (4.23) are of higher order so that we finally arrive at
\|1I; =TT, ||2 < ¢h?~", which completes the proof of Theorem 4.1 on page 5. [

5 Numerical experiments

We have implemented our definition of the discrete curvature (see Section 3) for
isoparametric finite elements in the context of the finite element toolbox ALBERT
(Schmidt and Siebert, 1998). Table 5.1 to 5.4 on pages 13-16 show the results
of our experimental convergence tests with piecewise polynomial discretisations of
degree 1, 2, 3 and 4 for the following model problems (see Figure 5.1 on the next

page):

(x—22)2+y? +22-1=0, (5.1a)
(x—22)2+(y—22)+22-1=0, (5.1b)
2?4+ (2y)* + (§ 22 -1=0, (5.1c)

)

2?4y + 22 -1=0. (5.1d

Table 5.2 on page 14 corresponding to surface (5.1b) has already been published
in Heine (2006).

The underlying macro triangulation for the discretisation of all model-problems
is an icosahedron. The discrete surface I'y, is just the interpolation of the exact
shape I" with Lagrange-polynomials. At first the mesh was refined adaptively until
the Ly error with respect to the exact surface was below 0.005. Afterwards the
meshes were refined globally by doubly bisecting the elements in each refinement
step. The tables 5.1 to 5.4 on pages 13-16 show the maximal mesh width, the
relative Lo and Lo, errors and the experimental order of convergence (FOC) of
the discrete mean and Gaussian curvatures Hj;, and K}, derived from the discrete
second fundamental form as defined in Definition 3.2 on page 5.
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Figure 5.1 Surface meshes for testing our definition of the discrete curvature. The
colour indicates the magnitude of the discrete Gaussian curvature. The defining
equations for the surfaces are (5.1b)-(5.1d). A picture for (5.1a) has been omitted
as it is of the same type as the surface shown in figure (a).

(a) Equation (5.1b) (b) Equation (5.1c) (¢) Equation (5.1d)

For the normalisation of the relative errors we use the curvature of the exact
surfaces defined by (5.1a) to (5.1d):

~C = ChllL, )

Eor = I€ ,  where C € {K, H}, re€{2, oo}

L-(Th)

In order to compare functions defined on I' with those defined on I'j, we were using
an approximate orthogonal lift from I' onto I', with respect to an averaged normal
field on I'y,. For a sequence of isoparametric triangulations 7j,; the ezperimental

=)/ (log ), where &; =
||[C—Ch, || denotes the error between the discrete solution Cj,; and the exact solution
C' in the appropriate norm.

While it is not surprising that the discrete curvatures originating from Defini-
tion 3.2 on page 5 do not converge for linearly interpolated surfaces, the experi-
mental order of convergence for higher order parametrisations is surprising. The
tables 5.1 to 5.4 on pages 13—-16 suggest that for Lagrange-interpolates of polyno-
mial degree k the experimental order of convergence for the discrete curvature is
greater than k& — 1, provided that k£ > 1. We would have expected values for the
EOC of at most k — 1, but not greater.

However, one notes that the results for the less complicated surfaces (5.1c) —
an ellipsoid — and (5.1d) — a sphere — are not as suggestive as the results for the
more complicated surfaces: for them table 5.3 on page 15 and 5.4 on page 16 show
a decreasing EOC' as the number of unknowns increases. This might indicate that
the values for the FOC' as shown in the tables 5.1 on the next page and 5.2 on

page 14 just did not stabilise yet.

order of convergence (eoc) is defined by EOC; := (log
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Table 5.1 Discrete curvature, surface (5.1a), relative errors

Polynomial degree: 1
[ M || €x2 | EOC [ €xo | BOC [ €me | EOC [ 4o | BOC |

0.135 0.79 . 1.4 . 0.19 . 0.36

0.0689 |/0.87 -0.16 2.2 -0.61 0.19 0.055 {|0.36 —0.028
0.0361 (/0.9 —0.041 2.1 0.015 [|0.19 —0.0011([0.4 —-0.15
0.0199 |{0.91 —0.022 2.3 -0.12 0.19 —0.0065 || 0.42 —0.081
0.0114 |{0.91 —0.0072 2.3 -0.02 0.19 —0.00421/0.43 —0.024
0.00654 ([ 0.91 —-0.0023 || 2.3 —0.0059 | 0.19 —0.0021[0.43 —0.0092

Polynomial degree: 2
[ huas || €x2 | EOC | €xe | EOC || €m2 | EOC [ €ne | EOC |

0.372 1.7 . 2.5 . 0.15 . 0.48

0.206 1. 0.85 2.7 —0.14 0.085 0.92 0.31 0.75
0.118 0.54 1.2 1.5 1. 0.044 1.2 0.15 1.3
0.0681 /0.2 1.8 0.69 1.4 0.02 1.4 0.067 1.5
0.0382 {/0.082 1.6 0.44 0.78 0.0099 1.3 0.044 0.74
0.0219 {{0.032 1.7 0.13 2.2 0.0047 1.3 0.018 1.6
0.0123 |{0.015 1.4 0.044 1.9 0.0023 1.2 0.0088 1.2

Polynomial degree: 3
[ has || €x2 | BOC | €xe | EOC || €m2 | BOC || €ne | EOC |

0.488 1.5 . 3.6 . 0.13 . 0.49

0.32 2.1 —-0.83 5.4 —1. 0.15 —0.26 0.58 —0.4
0.191 1.1 1.1 6.3 -0.3 0.087 1. 0.62 —0.12
0.11 0.17 3.5 1.3 2.9 0.022 2.5 0.17 2.3
0.064 0.054 2.1 0.46 1.9 0.0068 2.1 0.083 1.4
0.0359 |/0.014 2.3 0.13 2.2 0.0018 2.3 0.026 2.
0.0202 |{0.0036 2.4 0.034 2.3 0.00046 | 2.4 0.0069 2.3

Polynomial degree: 4

[ huas || €x2 | BOC | €xe | EOC || €m2 | BOC [ €ne | EOC |

0.549 4.5 . 13. . 0.3 . 14

0.324 1.6 2. 8.6 0.77 0.12 1.8 0.75 1.2
0.196 0.34 3.1 1.5 3.5 0.035 2.4 0.24 2.3
0.121 0.04 4.4 0.5 2.2 0.0048 4.1 0.055 3.
0.0697 1/0.0047 3.9 0.046 4.3 0.00074| 3.4 0.0092 3.2
0.0402 |/0.00061| 3.7 0.0062 3.6 9.1e-05| 3.8 0.0012 3.7
0.0232 |[7.4e-05| 3.8 0.00068 | 4. 1.1e-05| 3.8 0.00015| 3.8
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Table 5.2 Discrete curvature, surface (5.1b), relative errors

Polynomial degree: 1
[ B || Exe | BOC [k [ EOC [ €na | BOC [ éno | EOC |

0.205 1.7 . 1.9 . 0.39 . 0.69

0.0957 1.4 0.22 1.7 0.14 }/0.24 0.64 0.59 0.21
0.0508 1.5 -0.11 2.3 |—0.44 ||0.2 0.29 0.37 0.75
0.0263 1.7 -0.19 3.3 |—-0.56 ||0.19 0.057 |/0.37 |—0.025
0.0151 1.8 —0.091|| 3.7 |—-0.21 }|0.19 —0.0025(0.41 |—-0.17
0.00864 || 1.8 —0.033|| 3.7 |—-0.037(0.2 —0.0041(0.43 |-0.085

Polynomial degree: 2
[ has || €x2 | EOC [ x| EOC | €m2 | EOC [ €na | EOC |

0.368 2.7 . 5.2 . 0.25 . 0.58
0.204 4.4 —-0.83 || 11. —-1.3 0.15 0.9 0.42 0.52
0.116 2.4 1.1 6.4 1. 0.073 1.2 0.31 0.53

0.0673 0.96 1.7 3.8 0.95 |[0.039 1.2 0.21 0.71
0.0379 0.34 1.8 1.6 1.5 0.018 1.3 0.087 1.6
0.0214 0.11 2. 0.47 2.2 0.0085 1.4 0.039 1.4

Polynomial degree: 3
[ has || €x2 | EOC [ x| EOC | €m2 | EOC [ €na | EOC |

0.468 12. . 19. . 0.45 . 0.84

0.322 13. —0.15 || 29. —-1.1 0.34 0.73 1.1 —0.78
0.19 10. 0.39 || 50. -1.1 0.19 1.2 1.4 —-0.4
0.113 1.3 4. 8. 3.5 0.055 2.3 0.43 2.3
0.0653 0.36 2.3 3.6 1.4 0.022 1.7 0.27 0.82
0.0373 0.086 2.6 0.88 2.5 0.0062 2.2 0.1 1.8

Polynomial degree: 4

| hunes | €x2 | BOC [ €k | EOC | €n» | BOC | €nw | EOC |

0.477 15. . 39. . 0.45 . 1.2
0.304 8. 1.4 58. —0.87 ||0.22 1.6 1.3 —0.16
0.196 1.2 4.3 9.2 4.2 0.055 3.2 0.45 2.5

0.115 0.22 3.3 3.1 2. 0.013 2.7 0.14 2.2
0.0655 0.022 4.1 0.34 3.9 0.0019 3.5 0.026 3.
0.0374 0.0024| 3.9 0.025| 4.7 0.00023| 3.8 0.0032| 3.7
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Table 5.3 Discrete curvature, surface (5.1c), relative errors

Polynomial degree: 1

| hinae || Ex2 | BOC || €k | EOC || €n2 | EOC || €no [EOC|
0.2 o6 1.4 0.19 0.45
0117 [083 |-014 [ 17 [-039 [[018 | 0056 [039 | 0.25
0.0674 [0.83 |—0.0022] 1.7 0.028 [[0.18 | 0019 [[043 |-0.2
0.0384 [0.83 |-0.0086] 1.7 |-0.008 [[0.18 [-0.0021[/0.48 |-0.17
0.0218 [0.83 |—-0.0067] 1.7 0.0033][0.18  [—-0.0034[[0.54 |-0.2
0.0127 [0.84 |-0.0037] 1.8 |-0.012 [[0.18 [-0.0019][0.59 |-0.19
Polynomial degree: 2
| hnes | €x2 | BOC || €xo | EOC || €42 | EOC | o |EOC |
0.295 [[0.69 1.6 0.086 0.27
019 [[049 | 077 || 17 |-023 [foos | o081 [o23 | 041
0.107 0.21 1.5 1.1 0.85 0.026 1.4 0.12 1.1
0.0588 [[0.060 | 1.8 || 047 | 14 [foorr | 15 [ooes | 11
0.0309 [[0.025 | 1.6 || 017 | 1.6 [[oooao | 12 [oozr | 11
0.0159 [[0.011 | 1.3 || 0056 | 1.7 [[o.0024 | 1.1 [fo013 | 13
0.00833/[0.0051 | 1.2 || 0026 | 1.2 [fooo12 | 1.1 [o.006a | 1.1
Polynomial degree: 3
| hunes | €x2 | BOC || €k | EOC || €42 | EOC | € |EOC |
0.300 [[2.2 8.3 0.23 1.
0198 076 | 23 || 34 2. |looo | 21 Joso | 12
0131 |[0.16 | 38 | 1.2 26 |[0.025 | 31 [o19 | 28
0.0788 [[0.041 | 27 [l 031 | 26 [fooos7 | 26 [ooes | 21
0.0457 [[0.011 | 25 || 0086 | 24 [jooo17 | 25 [looi9 | 22
0.0259 [[0.0027 | 24 || 0024 | 22 [[o.00044| 24 [fo.0052 | 23
0.0145 [[0.00067| 2.4 || 0.0063 | 23 [[o.00011| 2.4 [lo.0014 | 23
Polynomial degree: 4
| hunes | €x2 | BOC || €k | EOC || €n2 | EOC | o |EOC |
0.443 [[7.5 72. 0.39 4.1
0.265 023 | 68 | 25 6.5 |[004 | 44 [o36 | 47
0153 [[0.024 | 41 | 024 | 43 [fo00s6 | 36 [ooes | 3.1
0.0908 [[0.0027 | 42 || 0027 | 42 [fo.00063] 4.2 [f0.0059 | 4.6
0.0527 [[0.00034| 38 || 0.004 | 35 [[80e—05] 38 [0.0012 | 29
0.0297 |[4.3¢05| 3.6 || 0.00057| 34 [[1.0e-05] 3.6 [o.00018] 34
0.0168 |[5.5¢06| 3.6 || 9.9¢05| 31 [[1.3e06] 3.6 [|2.8c-05] 3.2
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Table 5.4 Discrete curvature, surface (5.1d), relative errors

Polynomial degree: 1

| hmae || Ex2 | BOC || €k | EOC || €. | EOC || €no | EOC |
0.126 |[0.41 1.1 0.17 0.43
0.0717 [[o.41  [—0.015 12 |-019 [lo18 [—0.014 [[0.a7  [-0.13
0.0407 [[0.42  [—0.0048] 1.2 0.088 [0.18 [—0.0062[[0.45 | 0.085
0.0231 [[0.42  [—0.0038] 1.2 0.012 [0.18  [—0.0041[[0.44 | 0.012
0.0131 [[0.42  [—0.0022] 1.2 0.0027[0.18 | —0.0023][0.44 [ 0.0022
0.00743[0.42 [ —0.0012[1.2 0.0011][0.18  [-0.0012[048 [-0.13
Polynomial degree: 2
| hmae || €k | BOC || €k | EOC || €. | EOC || €no | EOC |
0.395 [/0.052 0.18 0.021 0.082
0242 [lo.o2s [ 15 o1z | o074 [loooss | 27 [0zt | 2
0138 [l0.0073 [ 22 (o048 | 1.7 [oooia | 25 001 2.
0.0784 [[0.0019 [ 2.4 [ooi6 | 19 [lo.00034] 24 [[0.0033 | 2.
0.0441 [[0.00049] 2.4 [0.0053 | 2. [[8.6e—05] 24 [[o.0oo1 | 2
0.0249 [[0.00012 2.4 [[0.0017 | 2 2.2¢-05| 24 [[0.00033] 2.
0.014 [|3.1e-05] 24 [o.00053] 2. [[5.4e-06] 2.4 [[0.00011] 2.
0.00787 || 7.7e-06] 2.4 [[0.00017] 2 14e—06] 2.4 [[33e05| 2.
Polynomial degree: 3
| hmae || Ex2 | BOC || €k | EOC || €n. | EOC || €no | BOC |
0.515 [[0.27 2.5 0.11 0.54
0.284 |l0o.096 | 1.7 Jos2 | 26 [looas | 15 [[0.23 1.4
0154 (0021 | 25 [joa2 | 24 [ooir | 24 [oos | 22
0.0863 [|0.0048 | 25 0037 | 2. [lo.0028 | 24 [[0.02 1.9
0.0486 |[0.0012 | 2.4 [o.01 22 [0.0007 | 24 [lo.0oo61 | 2.1
0.0273 [|0.00031 2.4 [0.0032 | 2. [lo.oo018] 2.4 [[o.0019 | 2.
0.0154 ||7.8¢=05] 2.4 [o.0o1 | 2. [l45e05] 24 [[0.00061| 2.
0.00856]|2.e<05 | 2.4 [0.00034| 1.9 [[1.1e-05] 24 [[o.0002 | 1.9
Polynomial degree: 4
| hmae || €k | BOC || €k | EOC || €n» | EOC || €no | BOC |
0.793 [l0.14 0.86 0.058 0.26
0448 [l0.025 [ 209 Joaa | 32 Joo2 | 27 [oose | 27
0.244 |[0.0015 | 4.7 o008t | 47 [lo.0008 | 45 [[0.0039 | 44
0.144 |l0.00028] 3.2 0003 | 19 [lo.00014] 34 [o.0015 | 1.8
0.0817 ||1.9¢-05| 4.7 [0.00026| 4.3 [l9.7e—06] 4.6 [0.00014| 4.2
0.0464 ||2.8¢—06] 3.4 [7.5e—05| 22 [|1.4e-06] 34 [38e05] 23
0.0261 ||2.4¢-07| 4.2 [1.5e-05| 2.8 [[1.2¢07] 42 [7.5e06] 2.8
0.0146 ||3.4¢-08| 3.4 | 54e—06] 1.8 [|1.7e-08] 34 [2.7e06] 1.8
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