A new stable time discretization of higher order for
evolution equations in a Hilbert space

Friedhelm Schieweck!

nstitut fur Analysis und Numerik
Otto-von-Guericke-Universitat Magdeburg

Workshop on
Numerical Methods for PDEs on Surfaces

University of Freiburg
September 14 - 17, 2009

Stable time discretization of higher order



Minimizing an energy functional

@ TASK : minimize energy functional : W :V — R*
@ assume 3 derivative : W' :V =V’

(W'(u),v) := lim 1{V[/(u +ev) — W(u)} VoeV
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Minimizing an energy functional

@ TASK : minimize energy functional : W :V — R*
@ assume 3 derivative : W' :V =V’

(W'(u),v) := lim 1{V[/(u +ev) — W(u)} VoeV

@ SOLVE: [(W'(u),v)=0 VYwveV| approximately by :

@ start with initial guess up € V' and solve gradient flow eq. :

Find a function w : [0,7] — V such that
(deu(t),v)y = — (W'(u(t)),v) VoeV, telo,T],
’LL(O) = Ug
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Minimizing an energy functional

@ TASK : minimize energy functional : W :V — R*
@ assume 3 derivative : W' :V =V’

(W'(u),v) := lim I{W(u—i—sv) W(u )} VoeV

@ SOLVE: [(W'(u),v)=0 VYwveV| approximately by :

@ start with initial guess up € V' and solve gradient flow eq. :

Find a function w : [0,7] — V such that
(deu(t),v)y = — (W'(u(t)),v) VoeV, telo,T],
’LL(O) = Ug

@ weak formulation :  Find u € ug+ Hg _(I,V), I:=[0,T], s.t.

/T(dtu(t) ) dt = / (W' (u (t)ydt VwveL*(1,V)
0

Stable time discretization of higher order



Energy decreasing property

@ choose test function v

=dyu and v
JaVi

— OV’ In — [tn—lytn]

n n

/ (dyult), dyu(t)) i dt = — / (W' (u(t)), dyu(t)) dt
In

n

-/ (0t = / {0t = Wt )W ((5)
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Energy decreasing property

@ choose test function v

=dyu and v
JaVi

— OV’ In — [tn—lytn]

n n

/ (dyult), dyu(t)) i dt = — / (W' (u(t)), dyu(t)) dt
In

n

-/ (0t = / {0t = Wt )W ((5)

@ = energy decreasing property :

W(u(t,)) < W(u(tn-1)) as long as deu(t)| 221,51y > O
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Energy decreasing property

@ choose test function v =0y, In=[tn-1,tn]

n

=dyu and v
JaVi

n

/ (dyult), dyu(t)) i dt = — / (W' (u(t)), dyu(t)) dt

In n

-/ (0t = / {0t = Wt )W ((5)

@ = energy decreasing property :

W(u(t,)) < W(u(tn-1)) as long as deu(t)| 221,51y > O

@ if ||diullp2(s, my=0 then u*=u(t,) is stationary point

= u* is candidate for local minimizer
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Energy decreasing property

@ choose test function v =0y, In=[tn-1,tn]

n

=dyu and v
JaVi

n

/ (dyult), dyu(t)) i dt = — / (W' (u(t)), dyu(t)) dt

In n

= [ Ndate) e =~ [ w0 bt = Wt 1)~ (ult)
In In
@ = energy decreasing property :
W(u(tn)) < W(u(tn-1)) as long as deu(t)| 221,51y > O
@ if ||diullp2(s, my=0 then u*=u(t,) is stationary point
= " is candidate for local minimizer

@ AIM: find time discretization with energy decreasing property
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dGP — discontinuous Galerkin-Petrov method

@ givendata: wyeV, F:[0,T]xV =V’
@ continuous problem: Find w: I — V such that

deu(t) = F(t,u(t)) Vtel=1[0,T], in V/,
u(0) = wo
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dGP — discontinuous Galerkin-Petrov method

@ givendata: wyeV, F:[0,T]xV =V’
@ continuous problem: Find w: I — V such that

deu(t) = F(t,u(t)) Vtel=1[0,T], in V/,
u(0) = wo

@ weak formulation: Find u € ug + Xy such that
T T
/ (dyut), o(t)) dt = / (F(t,u(t)),ot)) dt ¥ veY = L3(I,V)
0 0

where  Xg:={u e L?(I,V): dwu € L?(I,V"), u(0) = 0}
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dGP — discontinuous Galerkin-Petrov method

@ givendata: wyeV, F:[0,T]xV =V’
@ continuous problem: Find w: I — V such that

deu(t) = F(t,u(t)) Vtel=1[0,T], in V/,
u(0) = wo

@ weak formulation: Find u € ug + Xy such that
T T
/ (dyut), o(t)) dt = / (F(t,u(t)),ot)) dt ¥ veY = L3(I,V)
0 0
where  Xg:={ue L3(I,V): dwu € L*(I,V’), u(0) = 0}

@ discrete solution and test space :
Xp={uelC(,V): u|, €Py(l;,V) Yn=1,... N}

VE={oe X(I,V): v|, €Pra(ln,V) Yn=1,.. N}
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dGP(k) — method

@ let XFy:=XFnXo
@ dGP(k) - method :  Find u; € ug + XF To such that

| 0 ente)) dt = [ Pleuslo)) o0y e Vo e v
0 0
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dGP(k) — method

@ let XFy:=XFnXo

@ dGP(k) - method:  Find wu. € ug + X o such that

| 0 ente)) dt = [ Pleuslo)) o0y e Vo e v
0 0

@ key property :

diue € YV Vo e XF
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dGP(k) — method

@ let XFy:=XFnXo
@ dGP(k) - method:  Find wu. € ug + X o such that

| 0 ente)) dt = [ Pleuslo)) o0y e Vo e v
0 0

@ key property :

diuc € V¥ Vu.e XF| = energy decreasing property

@ time marching process : let ve(t) =9(t)v, Y(t)=0 Vt &I,

/ (dye(t), v) () dt = / (Pt (1)), v) (1) dt
In In
VoeV, vePr 1(I,)
=k equations for % "unknowns” Ui € V of u(t) on I,
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Choice of basis functions

@ ansatz: find Uj € V with U? = u, . (tn-1) such that

n—1

k

u(t) muc(t) ==Y Ulgn;(t)  Vte,,
j=0
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Choice of basis functions

@ ansatz: find Uj € V with U? = u, . (tn-1) such that

n—1

k

u(t) muc(t) ==Y Ulgn;(t)  Vte,,

j=0
@ choose ¢, ; € P;(I,) such that

&n,j(tni) = dij| where t,; eI, Gaul3-Lobatto points

k
\/I‘n <dtUT( ) 1/}111 Z )H /I‘n ¢;1,j(t)¢n7i(t) dt

j=0
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Choice of basis functions

@ ansatz: find Uj € V with U? = u, . (tn-1) such that

n—1

k

u(t) muc(t) ==Y Ulgn;(t)  Vte,,

j=0
@ choose ¢, ; € P;(I,) such that

&n,j(tni) = dij| where t,; eI, Gaul3-Lobatto points

k
\/I‘n <dtUT( ) 1/}111 Z )H /I‘n ¢;1,j(t)¢n7i(t) dt

j=0

@ choose ¢, ; € P,_1(I,) such that
= [, O O ni(t)dt =065 Vi=1,.. k-1, 1<j<k
ﬂ’tﬁ,u = wn,u¢n,i(tn,p) =0 V=1
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system of equations on I,

@ 1, ; are constructed via reference mapping from

N ~ _]. fk_l S — i\ A~
Di(# / CEgs  Vie{l,...,k—1}, () =1
0= ) 5=+ { b )
H#L
system forthe U, 1<j<k:
k
Zo‘w T;Zﬂm' <F(tn,jaUZ)7v> VeV, 1<i<k
=0 ﬁ_/
Fi(U7,)
reduces to :
MU} = —aioMUS = ageMUS + 2 3500 815 FA(UR),
J#i

for 1<i<k-1

T k R . .
- ijo ij'rJL(UTJL)

MUy = MUZ+—
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dGP(2) — method

@ X¥=pw. quadraticint, Y} =p.w. linear + discontinuous
@ 3-point Gaul3-Lobatto formula = Simpson’s rule

Stable time discretization of higher order



dGP(2) — method

@ X¥ =pw. quadraticint, Yk =p.w.linear + discontinuous
@ 3-point Gaul3-Lobatto formula = Simpson’s rule
@ system for U!, U2 ¢ V ontime interval I, :

Ul = 1094302+ M {EUQ) - FAU2)} = o(U2)
U2 = U9+ ZM-1{FO(U%) + 4FL(UL) + F2(U2)} .
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dGP(2) — method

@ X¥ =pw. quadraticint, Yk =p.w.linear + discontinuous
@ 3-point Gaul3-Lobatto formula = Simpson’s rule
@ system for U!, U2 ¢ V ontime interval I, :

Uy = 3UR+3U; + M H{F)UR) - FA(UR)} =: oM (U7)
U2 = UQ+ %M {FAUD) +4FX UL + FA(U2)}.
@ solve fixed point equation :
U2 = U9 + T2 M~ {EO(UD) + 4FL (' (U2)) + F2(U2)} .
where

Ul = ®Y(U?) is computed by an explicit step
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dGP(2) — method

@ X¥ =pw. quadraticint, Yk =p.w.linear + discontinuous
@ 3-point Gaul3-Lobatto formula = Simpson’s rule
@ system for U!, U2 ¢ V ontime interval I, :

Up = 300+ 307+ M H{FNUY) - E3(U7)} = ©1(U7)
Up = Up+ M H{FUR) +4F0(Un) + FL(UR)} -
@ solve fixed point equation :
Up =Up + MU E)UR) +4F3(01(UR)) + F3(UR) } -
where
Ul = ®Y(U?) is computed by an explicit step

@ accuracy : lu = ullcrvy < Ct3, even super-conv. O(t#) !l
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Theoretical properties of the dGP(k) - method

Theorem (Sch., 2009)

Assume V =H =V’'=R? and
@ ||F(t,ut) — F(t,u?)||v < L|jut —u?||ly Vul,u?eV
@ Lt <y sufficiently small

Then, dGP(k)-method
@ aunique solution u. exists for the dGP(k)-method
@ it holds the error estimate

k k
lu = ucller,vy) <C 12?2(71 Tﬂ+1||dt +1U||c(1u,V)

where C = Ce2btn-1,
Furthermore, the dGP(k)-method is A-stable .
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Simple numerical example

@ problem: Find w: [0,1] — R2%2 such that

deu(t) = Au(t) Vite]0,1],
u(0) = o,

—05 0.1 2
A= < 10 —50)’ o = (1.6)

@ eigenvaluesof A: A\ =~ —0.48, \» = —50 = relatively stiff
@ we use dGP(2)-method (exact here) with T, =T Vn
@ error norm :

= welloe 2= | max [fu(ta) = el
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Plot of the components of the solution: T = 5

2 T T
—+— ul-ex
1.8} —— u2-ex i
—oe— ul-discr
L6k —2— u2-discr ||

solutions u and u,

0.2 0.4 0.6 0.8
time t
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Plot of the components of the solution: T = zi

0
2 T T
—+— ul-ex
18+ R R —x— U2—ex i
—oe— ul-discr
1.64 —&— y2-discr |/

solutions u and u,

1.2 1.4
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Error norms

= el = max [lu(ts) = uc(ts)

T |lu — ur|loc | EOC
1/10 | 1.170e-01

1/20 | 1.875e-02 | 2.6413
1/40 | 1.592e-03 | 3.5583
1/80 | 9.301e-05 | 4.0968
1/160 | 5.858e-06 | 3.9891
1/320 | 3.645e-07 | 4.0063

Stable time discretization of higher order
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Application to Willmore flow

@ joint work with Klaus Deckelnick
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Application to Willmore flow

@ joint work with Klaus Deckelnick

@ Willmore functional: W (I') = /szA — min !
r

@ Willmore flow: V = ArH +2H® - 2HK on T(t).

V' = normal velocity of I'(t)
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Application to Willmore flow

@ joint work with Klaus Deckelnick
@ Willmore functional: W (I') = /szA — min !
r
@ Willmore flow: V = ArH +2H® - 2HK on T(t).

V' = normal velocity of I'(t)

@ axisymmetric surface I'(t): wu(z,t) =radiusat z € Q = (-1,1)

0.

@ X :={¢n € CHQ) ||, 1.0,] € P3,1 < j < N} C HX(Q).
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Time discretization

ODE system for the FE nodal vector: Find U : [0,7] — R such that

MU®)U'(t) = F@U®) Yte(0,T]
U = U°

with nonlinear mass-matrix

up(U) ;i

Q1+ uhz(U)z

M(U)=(MU);;)  with  M(U),; =

where u,(U) € X;, denotes

2N
up(U)(@) = Y Ujpj(z), VzeQ
j=—1

Fi(t,U) == /I Ftyun@)pi — OV (), 22)
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Applying dGP(1) = Crank-Nicolson

@ equivalent ODE system :

U'(t) F(t,U(1) = M(U(t)) " F(t,U(t)
U(0) Uo

Stable time discretization of higher order
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Applying dGP(1) = Crank-Nicolson

@ equivalent ODE system :

U'(t)y = F(t,U(@t) = MU@)FEU() Vite(0,T]
U@ = U°
@ Crank-Nicolson : solve for U™

Ur =0+ T F e, U)o+ Flt, U}

by a quasi-Newton defect-correction iteration

Stable time discretization of higher order
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Applying dGP(1) = Crank-Nicolson
@ equivalent ODE system :

U'(t) = F(tUt) = MU®W)F(U®E)  Yte (0,T]
U©) = U°

@ Crank-Nicolson : solve for U™
Ut =yl g g {Ftn_1,U™Y) + F(t,,U™)}
by a quasi-Newton defect-correction iteration
@ L2 -error ~ O(h*) + O(1?)

RE ello EOC el EOC
1/2 | 1/256 || 1.245¢ — 04 8.691¢ — 04
1/4 |1/1024 || 7.774¢ — 06 | 4.001 || 1.084¢ — 04 | 3.003
1/8 | 1/4096 || 4.860¢ — 07 | 4.000 || 1.355¢ — 05 | 3.001
1/16 | 1/16384 || 3.038¢ — 08 | 4.000 || 1.693 ¢ — 06 | 3.000
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