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Minimizing an energy functional

TASK : minimize energy functional : W : V → R
+

assume ∃ derivative : W ′ : V → V ′

〈
W ′(u), v

〉
:= lim

ε→0

1

ε

{

W (u+ εv) −W (u)
}

∀ v ∈ V
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TASK : minimize energy functional : W : V → R
+

assume ∃ derivative : W ′ : V → V ′

〈
W ′(u), v

〉
:= lim

ε→0

1

ε

{

W (u+ εv) −W (u)
}

∀ v ∈ V

SOLVE :
〈
W ′(u), v

〉
= 0 ∀ v ∈ V approximately by :

start with initial guess u0 ∈ V and solve gradient flow eq. :

Find a function u : [0, T ] → V such that

(dtu(t), v)H = −〈W ′(u(t)), v〉 ∀ v ∈ V, t ∈ [0, T ],
u(0) = u0
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〈
W ′(u), v

〉
:= lim

ε→0

1

ε

{

W (u+ εv) −W (u)
}

∀ v ∈ V

SOLVE :
〈
W ′(u), v

〉
= 0 ∀ v ∈ V approximately by :

start with initial guess u0 ∈ V and solve gradient flow eq. :

Find a function u : [0, T ] → V such that

(dtu(t), v)H = −〈W ′(u(t)), v〉 ∀ v ∈ V, t ∈ [0, T ],
u(0) = u0

weak formulation : Find u ∈ u0 +H1
0,−(I, V ) , I := [0, T ], s. t.

∫ T

0
(dtu(t), v(t))H dt = −

∫ T

0

〈
W ′(u(t)), v(t)

〉
dt ∀ v ∈ L2(I, V )
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Energy decreasing property

choose test function v
∣
∣
∣
In

= dtu and v
∣
∣
∣
I\In

= 0V , In = [tn−1, tn]

∫

In

(dtu(t), dtu(t))H dt = −

∫

In

〈
W ′(u(t)), dtu(t)

〉
dt

⇒

∫

In

‖dtu(t)‖
2
Hdt = −

∫

In

dt

{

W (u(t))
}

dt = W (u(tn−1))−W (u(tn))
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Hdt = −

∫

In

dt

{

W (u(t))
}

dt = W (u(tn−1))−W (u(tn))

⇒ energy decreasing property :

W (u(tn)) < W (u(tn−1)) as long as ‖dtu(t)‖L2(In,H) > 0
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if ‖dtu‖L2(In,H) = 0 then u∗ = u(tn) is stationary point
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Energy decreasing property

choose test function v
∣
∣
∣
In

= dtu and v
∣
∣
∣
I\In

= 0V , In = [tn−1, tn]

∫

In

(dtu(t), dtu(t))H dt = −

∫

In

〈
W ′(u(t)), dtu(t)

〉
dt

⇒

∫

In

‖dtu(t)‖
2
Hdt = −

∫

In

dt

{

W (u(t))
}

dt = W (u(tn−1))−W (u(tn))

⇒ energy decreasing property :

W (u(tn)) < W (u(tn−1)) as long as ‖dtu(t)‖L2(In,H) > 0

if ‖dtu‖L2(In,H) = 0 then u∗ = u(tn) is stationary point

⇒ u∗ is candidate for local minimizer

AIM : find time discretization with energy decreasing property
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dGP – discontinuous Galerkin-Petrov method

given data : u0 ∈ V , F : [0, T ] × V → V ′

continuous problem: Find u : I → V such that

dtu(t) = F (t, u(t)) ∀ t ∈ I = [0, T ], in V ′,
u(0) = u0
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dGP – discontinuous Galerkin-Petrov method

given data : u0 ∈ V , F : [0, T ] × V → V ′

continuous problem: Find u : I → V such that

dtu(t) = F (t, u(t)) ∀ t ∈ I = [0, T ], in V ′,
u(0) = u0

weak formulation: Find u ∈ u0 +X0 such that
∫ T

0
〈dtu(t), v(t)〉 dt =

∫ T

0
〈F (t, u(t)), v(t)〉 dt ∀ v ∈ Y = L2(I, V )

where X0 := {u ∈ L2(I, V ) : dtu ∈ L2(I, V ′), u(0) = 0}
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dGP – discontinuous Galerkin-Petrov method

given data : u0 ∈ V , F : [0, T ] × V → V ′

continuous problem: Find u : I → V such that

dtu(t) = F (t, u(t)) ∀ t ∈ I = [0, T ], in V ′,
u(0) = u0

weak formulation: Find u ∈ u0 +X0 such that
∫ T

0
〈dtu(t), v(t)〉 dt =

∫ T

0
〈F (t, u(t)), v(t)〉 dt ∀ v ∈ Y = L2(I, V )

where X0 := {u ∈ L2(I, V ) : dtu ∈ L2(I, V ′), u(0) = 0}

discrete solution and test space :

Xk
τ

:= {u ∈ C(I, V ) : u
∣
∣
In

∈ Pk(In, V ) ∀ n = 1, . . . ,N}

Y k
τ

:= {v ∈ L2(I, V ) : v
∣
∣
In

∈ Pk−1(In, V ) ∀ n = 1, . . . ,N}
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dGP(k) – method

let Xk
τ,0 := Xk

τ
∩X0

dGP(k) - method : Find uτ ∈ u0 +Xk
τ,0 such that

∫ T

0
〈dtuτ(t), vτ(t)〉 dt =

∫ T

0
〈F (t, uτ(t)), vτ(t)〉 dt ∀ vτ ∈ Y k

τ
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τ

key property :

dtuτ ∈ Y k
τ
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⇒ energy decreasing property
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dGP(k) – method

let Xk
τ,0 := Xk

τ
∩X0

dGP(k) - method : Find uτ ∈ u0 +Xk
τ,0 such that

∫ T

0
〈dtuτ(t), vτ(t)〉 dt =

∫ T

0
〈F (t, uτ(t)), vτ(t)〉 dt ∀ vτ ∈ Y k

τ

key property :

dtuτ ∈ Y k
τ

∀ uτ ∈ Xk
τ

⇒ energy decreasing property

time marching process : let vτ(t) = ψ(t)v , ψ(t) = 0 ∀ t 6∈ In
∫

In

〈dtuτ(t), v〉ψ(t) dt =

∫

In

〈F (t, uτ(t)), v〉ψ(t) dt

∀ v ∈ V, ψ ∈ Pk−1(In)

⇒ k equations for k ”unknowns” U j
n ∈ V of uτ(t) on In
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Choice of basis functions

ansatz : find U j
n ∈ V with U0

n = uτ

∣
∣
∣
In−1

(tn−1) such that

u(t) ≈ uτ(t) :=
k∑

j=0

U j
nφn,j(t) ∀ t ∈ In,
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Choice of basis functions

ansatz : find U j
n ∈ V with U0

n = uτ

∣
∣
∣
In−1

(tn−1) such that

u(t) ≈ uτ(t) :=
k∑

j=0

U j
nφn,j(t) ∀ t ∈ In,

choose φn,j ∈ Pk(In) such that

φn,j(tn,i) = δi,j where tn,j ∈ In Gauß-Lobatto points

∫

In

〈dtuτ(t), v〉ψn,i(t) dt =

k∑

j=0

(
U j

n, v
)

H

∫

In

φ′n,j(t)ψn,i(t) dt
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Choice of basis functions

ansatz : find U j
n ∈ V with U0

n = uτ

∣
∣
∣
In−1

(tn−1) such that

u(t) ≈ uτ(t) :=
k∑

j=0

U j
nφn,j(t) ∀ t ∈ In,

choose φn,j ∈ Pk(In) such that

φn,j(tn,i) = δi,j where tn,j ∈ In Gauß-Lobatto points

∫

In

〈dtuτ(t), v〉ψn,i(t) dt =

k∑

j=0

(
U j

n, v
)

H

∫

In

φ′n,j(t)ψn,i(t) dt

choose ψn,j ∈ Pk−1(In) such that

αi,j :=
∫

In
φ′n,j(t)ψn,i(t) dt = δi,j ∀i = 1, . . . , k − 1, 1 ≤ j ≤ k

βi,µ := wn,µψn,i(tn,µ) = 0 ∀ µ = i
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system of equations on In

ψn,i are constructed via reference mapping from

ψ̂i(t̂) =
−1

ŵi

∫ t̂

t̂i

k−1∏

µ=1
µ6=i

s− t̂µ

t̂i − t̂µ
ds ∀ i ∈ {1, . . . , k − 1}, ψ̂k(t̂) = 1

system for the U j
n , 1 ≤ j ≤ k :

k∑

j=0

αi,j

(
U j

n, v
)

H
=

τn

2

k∑

j=0

βi,j

〈

F
(
tn,j, U

j
n

)

︸ ︷︷ ︸

F
j
n(Uj

n)

, v

〉

∀ v ∈ V, 1 ≤ i ≤ k

reduces to :

MU i
n = −αi,0MU0

n − αi,kMUk
n +

τn

2

∑k
j=0
j 6=i

βi,jF
j
n(U j

n),

for 1 ≤ i ≤ k − 1

MUk
n = MU0

n +
τn

2

∑k
j=0 ŵjF

j
n(U j

n)
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dGP(2) – method

Xk
τ

= p.w. quadratic in t, Y k
τ

= p.w. linear + discontinuous

3-point Gauß-Lobatto formula = Simpson’s rule
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dGP(2) – method

Xk
τ

= p.w. quadratic in t, Y k
τ

= p.w. linear + discontinuous

3-point Gauß-Lobatto formula = Simpson’s rule

system for U1
n, U

2
n ∈ V on time interval In :

U1
n = 1

2U
0
n + 1

2U
2
n + τn

8 M
−1

{
F 0

n(U0
n) − F 2

n(U2
n)

}
=: Φ1(U2

n)

U2
n = U0

n + τn

6 M
−1

{
F 0

n(U0
n) + 4F 1

n(U1
n) + F 2

n(U2
n)

}
.
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dGP(2) – method

Xk
τ

= p.w. quadratic in t, Y k
τ

= p.w. linear + discontinuous

3-point Gauß-Lobatto formula = Simpson’s rule

system for U1
n, U

2
n ∈ V on time interval In :

U1
n = 1

2U
0
n + 1

2U
2
n + τn

8 M
−1

{
F 0

n(U0
n) − F 2

n(U2
n)

}
=: Φ1(U2

n)

U2
n = U0

n + τn

6 M
−1

{
F 0

n(U0
n) + 4F 1

n(U1
n) + F 2

n(U2
n)

}
.

solve fixed point equation :

U2
n = U0

n + τn

6 M
−1

{
F 0

n(U0
n) + 4F 1

n(Φ1(U2
n)) + F 2

n(U2
n)

}
.

where

U1
n = Φ1(U2

n) is computed by an explicit step
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= p.w. linear + discontinuous
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system for U1
n, U
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8 M
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6 M
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n(U0
n) + 4F 1

n(U1
n) + F 2

n(U2
n)

}
.

solve fixed point equation :

U2
n = U0

n + τn

6 M
−1

{
F 0

n(U0
n) + 4F 1

n(Φ1(U2
n)) + F 2

n(U2
n)

}
.

where

U1
n = Φ1(U2

n) is computed by an explicit step

accuracy : ‖u− uτ‖C(I,V ) ≤ Cτ
3, even super-conv. O(τ4) !!
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Theoretical properties of the dGP(k) - method

Theorem (Sch., 2009)

Assume V = H = V ′ = R
d and

‖F (t, u1) − F (t, u2)‖V ≤ L‖u1 − u2‖V ∀ u1, u2 ∈ V

Lτ ≤ δ0 sufficiently small

Then, dGP(k)-method

a unique solution uτ exists for the dGP(k)-method

it holds the error estimate

‖u− uτ‖C(In,V ) ≤ C max
1≤µ≤n

τ
k+1
µ ‖dk+1

t u‖C(Iµ,V )

where C = C̃e2Ltn−1 .

Furthermore, the dGP(k)-method is A-stable .

Stable time discretization of higher order 9



Simple numerical example

problem : Find u : [0, 1] → R
2×2 such that

dtu(t) = Au(t) ∀ t ∈ [0, 1],
u(0) = u0,

A =

(
−0.5 0.1
10 −50

)

, u0 =

(
2

1.6

)

eigenvalues of A : λ1 ≈ −0.48, λ2 ≈ −50 ⇒ relatively stiff

we use dGP(2)-method (exact here) with τn = τ ∀ n

error norm :

‖u− uτ‖∞ := max
1≤n≤N

‖u(tn) − uτ(tn)‖
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Plot of the components of the solution: τ =
1
10

0 0.2 0.4 0.6 0.8 1 1.2 1.4
0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

time t

so
lu

tio
ns

 u
1 a

nd
 u

2

 

 

u1−ex
u2−ex
u1−discr
u2−discr

Stable time discretization of higher order 11



Plot of the components of the solution: τ =
1
20
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Error norms

‖u− uτ‖∞ := max
1≤n≤N

‖u(tn) − uτ(tn)‖

τ ‖u− uτ‖∞ EOC

1/10 1.170 e-01
1/20 1.875 e-02 2.6413
1/40 1.592 e-03 3.5583
1/80 9.301 e-05 4.0968
1/160 5.858 e-06 3.9891
1/320 3.645 e-07 4.0063
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Application to Willmore flow

joint work with Klaus Deckelnick
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Application to Willmore flow

joint work with Klaus Deckelnick

Willmore functional: W (Γ) =

∫

Γ
H2dA → min !

Willmore flow : V = ∆ΓH + 2H3 − 2HK on Γ(t).

V = normal velocity of Γ(t)
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Application to Willmore flow

joint work with Klaus Deckelnick

Willmore functional: W (Γ) =

∫

Γ
H2dA → min !

Willmore flow : V = ∆ΓH + 2H3 − 2HK on Γ(t).

V = normal velocity of Γ(t)

axisymmetric surface Γ(t) : u(x, t) = radius at x ∈ Ω = (−1, 1)

Xh := {φh ∈ C1(Ω̄) |φ|[xj−1,xj ] ∈ P3, 1 ≤ j ≤ N} ⊂ H2(Ω).
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Time discretization

ODE system for the FE nodal vector: Find U : [0, T ] → R
d such that

M(U(t))U ′(t) = F (t, U(t)) ∀ t ∈ (0, T ]
U(0) = U0

with nonlinear mass-matrix

M(U) = (M(U)i,j) with M(U)i,j :=

∫

Ω

uh(U)ϕjϕi
√

1 + uhx(U)2

where uh(U) ∈ Xh denotes

uh(U)(x) =
2N∑

j=−1

Ujϕj(x), ∀ x ∈ Ω

Fi(t, U) :=

∫

I

f(·, t)uh(U)ϕi − 〈W̃ ′(uh(U)), ϕi〉
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Applying dGP(1) = Crank-Nicolson

equivalent ODE system :

U ′(t) = F̃ (t, U(t)) := M(U(t))−1F (t, U(t)) ∀ t ∈ (0, T ]
U(0) = U0
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Applying dGP(1) = Crank-Nicolson

equivalent ODE system :

U ′(t) = F̃ (t, U(t)) := M(U(t))−1F (t, U(t)) ∀ t ∈ (0, T ]
U(0) = U0

Crank-Nicolson : solve for Un

Un = Un−1 +
τ

2

{
F̃ (tn−1, U

n−1) + F̃ (tn, U
n)

}

by a quasi-Newton defect-correction iteration
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Applying dGP(1) = Crank-Nicolson

equivalent ODE system :

U ′(t) = F̃ (t, U(t)) := M(U(t))−1F (t, U(t)) ∀ t ∈ (0, T ]
U(0) = U0

Crank-Nicolson : solve for Un

Un = Un−1 +
τ

2

{
F̃ (tn−1, U

n−1) + F̃ (tn, U
n)

}

by a quasi-Newton defect-correction iteration

L2 - error ∼ O(h4) + O(τ2)

h τ ‖e‖0 EOC ‖e‖1 EOC

1/2 1/256 1.245 e − 04 8.691 e − 04
1/4 1/1024 7.774 e − 06 4.001 1.084 e − 04 3.003
1/8 1/4096 4.860 e − 07 4.000 1.355 e − 05 3.001
1/16 1/16384 3.038 e − 08 4.000 1.693 e − 06 3.000
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