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Continuous and Discrete a priori L∞-estimates
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Gravity and General Relativity
Einstein’s general theory of relativity states that spacetime has the
structure of a pseudo-Riemannian 4-manifoldM.

The theory predicts that accelerating masses produce gravitational
waves of perturbations in the metric tensor.

Newtonian vs. General Relativistic pictures:

This space-time bending is governed by the Einstein Equations.
Black-Hole merger depiction (shamelessly stolen from LIGO website):
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LIGO

LIGO (Laser Interferometer Gravitational-wave Observatory) is one of
several recently constructed gravitational detectors.

The design of LIGO is based on measuring distance changes between
objects in perpendicular directions as the ripple in the metric tensor
propagates through the device.

The two L-shaped LIGO observatories (in Washington and Louisiana),
with legs at 1.5m meters by 4km, have phenomenal sensitivity, on the
order of 10−15m to 10−18m.

The LIGO arms in Lousiana and Hanford, Washington:
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Evolution and constraint equations in relativity
Riemann (curvature) tensor R d

abc arises as failure
of commutativity of covariant differentiation:

Flat: V a
,bc − V a

,cb = 0, V a
,b =

∂V a

∂xb
.

Curved: V a
;bc −V a

;cb = Ra
dbcV d , V a

;b = V a
,b + Γa

bcV c ,

where

Ra
dbc = Γa

bd,c − Γa
cd,b + Γa

ecΓe
bd − Γa

ebΓe
cd .

The ten equations for the ten independent components of the
symmetric spacetime metric tensor gab are the Einstein
Equations: Gab = κTab, 0 6 a 6 b 6 3, κ = 8πG/c4,

R d
abc ; Riemann (curvature) tensor

Rab = R c
acb , R = R a

a ; Ricci tensor; scalar curvature

Gab = Rab − 1
2 Rgab, Tab; Einstein/stress-energy tensors

Initial-value formulations well-posed (cf. Hawking & Ellis); Various
formalisms yield constrained (weakly/strongly/symmetric) hyper-
bolic evolution systems on space-like 3-manifolds S(t) for a Rie-
mannian ĥab, possibly also extrinsic curvature k̂ab ∼ d

dt ĥab.
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Einstein Constraints and Conformal Method
Twelve-component system for (ĥab, k̂ab) is constrained by four coupled
nonlinear equations which must hold on anyM = S(t), with τ̂ = k̂abĥab,

3R̂ + τ̂ 2 − k̂abk̂ab − 2κρ̂ = 0, ∇̂aτ̂ − ∇̂bk̂ab − κ̂ja = 0.

The York conformal decomposition splits initial data into 8 freely
specifiable pieces plus 4 pieces determined by the constraints, through:
ĥab = φ4hab, τ̂ = k̂abĥab = τ , and

k̂ab = φ−10[σab + (Lw)ab] +
1
4
φ−4τhab, ĵa = φ−10ja, ρ̂ = φ−8ρ.

Produces coupled elliptic system for conformal factor φ and a wa:

−8∆φ+ Rφ+
2
3
τ 2φ5 − (σab + (Lw)ab)(σab + (Lw)ab)φ−7 − 2κρφ−3 = 0,

−∇a(Lw)ab +
2
3
φ6∇bτ + κjb = 0.

Differential structure onM defined through background 3-metric hab:

(Lw)ab = ∇awb +∇bwa− 2
3

(∇cwc)hab, ∇bV a = V a
;b = V a

,b + Γa
bcV c ,

V a
,b =

∂V a

∂xb , Γa
bc =

1
2

had
„
∂hdb

∂xc +
∂hdc

∂xb −
∂hbc

∂xd

«
. (Γa

bc = Γa
cb)
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The Constraints as Boundary-Value Problem
LetM be a space-like Riemannian d-manifold with (possibly empty)
boundary submanifold ∂M, split into disjoint submanifolds satisfying:

∂DM∪ ∂NM = ∂M, ∂DM∩ ∂NM = ∅. (∂DM∩ ∂NM = ∅)

The Riemannian metric hab associated withM induces a boundary
metric σab, making possible the following boundary-value formulation of
the constraints:

−∆φ+ aRφ+ aτφ5 − awφ
−7 − aρφ−3 = 0, inM,

−∇a(Lw)ab + bb
τφ

6 + bb
j = 0, inM,

nb(Lw)ab + K a
bwb = ŵa

N on ∂NM,

na∇aφ+ Kφ = φ̂N on ∂NM,

wa = ŵa
D on ∂DM,

φ = φ̂D on ∂DM,

where:

aR = R
8 , aτ = τ2

12 , aw = 1
8 [σab + (Lw)ab][σab + (Lw)ab], aρ = κρ

4 ,

bb
τ = 2

3∇
bτ, bb

j = κjb.
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Well-posedness, estimates, approximation, ...
This problem has the form:

Find u ∈ ū + X such that 〈F (u), v〉 = 0, ∀v ∈ Y , (1)

where X and Y B-spaces and F : X 7→ Y ∗. With G-derivative

〈F ′(u)w , v〉 =
d
dε
〈F (u + εw), v〉

˛̨̨̨
ε=0

,

one solves for u using Newton iteration given approximation u0 ≈ u:

(a) Find w ∈ X such that: 〈F ′(uk )w , v〉 = −〈F (uk ), v〉+ r , ∀v ∈ Y
(b) Set: uk+1 = uk + λw

One discretizes (a)-(b) at “last moment”, giving matrix equations.

Many questions about the constraints were open until recently:
1 Is there existence, uniqueness, stability? [HNT08, HNT09]
2 How smooth is X? [HNT09]
3 Can one build approximation spaces Xh ⊂ X? [HTb, HTZ]
4 Performance of linear approximation for (1)? [HTa, HTb]
5 Performance of nonlinear approximation for (1)? [HTa, HTb]
6 Can we produce such (linear and nonlinear) approximations with

optimal (linear) space and time complexity? [HTa, HTb, HTZ]
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Known CMC/near-CMC existence results
∇bτ = 0: Constant Mean Curvature (CMC):⇒ constraints de-couple.
Results: O’Murchadha-York (1973-74), Isenberg-Marsden (1982-83),
Choquet-Bruhat-Isenberg-Moncrief (1992), Isenberg (1995),
Maxwell (2004,2006), Choquet-Bruhat (2004), others.

∇bτ 6= 0: Non-CMC case: ⇒ constraints couple.
Limited results: Isenberg-Moncrief (1996),
Choquet-Bruhat-Isenberg-York (2001), and others; all based on
Isenberg-Moncrief, all requiring a near-CMC condition (made precise below).

35-year-old Open Question #1: Do non-CMC solutions exist to the
Einstein constraints for 3-manifolds with arbitrary mean extrinsic
curvature τ (i.e., near-CMC violated)?

Open Question #2 (of More Recent Interest): Do ”rough” non-CMC
solutions exist to the Einstein constraints for 3-manifolds with ”rough”
background metrics hab?

Isenberg-Moncrief employ a Gummel iteration: Set k = 1, φ(0) = 1:
1 Use φ(k−1) to solve MC for w (k): w = S(φ);
2 Use w (k) to solve HC for φ(k): φ = T (φ,w); k++; goto 1.

Map S : X →R(S) ⊂ Y is MC solution map;
Map T : X ×R(S)→ X is some fixed-point map for HC.
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Yamabe classes of metrics, near-CMC
Yamabe classification: Let u > 0 solve: −8∇u + Ru = Ruu5. Then:

Ru > 0⇒ hab ∈ Y+, Ru < 0⇒ hab ∈ Y−, Ru = 0⇒ hab ∈ Y0.

For case R = −1 on a closed manifold (hab ∈ Y−), strong smoothness
assumptions, and near-CMC conditions, Isenberg-Moncrief show this is
a contraction in Hölder spaces:

[φ(k+1),w (k+1)] = G([φ(k),w (k)]).

Proof Outline: (Isenberg-Moncrief) Maximum principles, barriers,
Banach algebra properties, plus contraction argument.

To establish contraction properties for coupled PDE systems gives
coupling restrictions; for the constraints, the restriction that results is the
near-CMC condition:

‖∇τ‖z < C inf
M
|τ |,

where Lz norm depends on context. Condition appears in two places:
(1) Construction of the contraction G,
(2) Construction of the set U on which G is a contraction.

Closure of Open Questions #1 and #2: In [HNT08, HNT09], we develop
a new analysis framework based on compactness arguments that is
free of the near-CMC condition.
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Solution of a 35-year-old Open Problem
Main results in [HNT08, HNT09]: three existence theorems for weak solutions.
The following from [HNT08, HNT09] closes 35-year-old far-from-CMC question.

Theorem (Far-CMC W s,p solutions)
Let (M, hab) be a 3-dimensional closed Riemannian manifold. Let hab ∈ W s,p

admit no conformal Killing field and be in Y+(M), where p ∈ (1,∞) and
s ∈ (1 + 3

p ,∞) are given. Select q and e to satisfy:

1
q ∈ (0, 1) ∩ (0, s−1

3 ) ∩ [ 3−p
3p , 3+p

3p ],

e ∈ (1 + 3
q ,∞) ∩ [s − 1, s] ∩ [ 3

q + s − 3
p − 1, 3

q + s − 3
p ].

Assume that the data satisfies:

τ ∈ W e−1,q if e > 2, and τ ∈ W 1,z otherwise, with z = 3q
3+max{0,2−e}q ,

σ ∈ W e−1,q , with ‖σ2‖∞ sufficiently small,

ρ ∈ W s−2,p ∩ L∞+ \ {0}, with ‖ρ‖∞ sufficiently small,

j ∈ W e−2,q , with ‖j‖e−2,q sufficiently small.

Then there exists φ ∈ W s,p with φ > 0 and w ∈ W e,q solving the constraints.

Remark: Weak metric hab ∈ W s,p requires verifying usual relationships for W s,p

available; gives conditions on s and p to ensure e.g. Laplace-Beltrami bilinear
form continuous. Construction in appendix of [HNT09] based on Besov spaces
and partitions of unity.
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Sub-/super-solutions and a priori L∞-bounds
Proofs of these new existence results based on:

Compactness-type fixed-point arguments;
Establishing properties of constraint maps S and T ;
Construction of compatible global barriers without near-CMC.

Establishing convergence and optimality of FEM (and AFEM) for this
problem also rests on construction of global barriers φ− and φ+ that
are free of the near-CMC condition. (Compatibility: 0 < φ− 6 φ+)

Sub- and super-solutions, or barriers to HC satisfy:

−∆φ− + aRφ− + aτ φ5
− − aw φ

−7
− − aρ φ−3

− 6 0,

−∆φ+ + aRφ+ + aτ φ5
+ − aw φ

−7
+ − aρ φ−3

+ > 0.

Barriers related to a priori L∞-bounds on any solution (if one exists):

0 < α 6 φ 6 β <∞.

When nonlinearity monotone decreasing, can show barriers also a priori
L∞-bounds. (One can establish bounds directly; see [HNT09].)

Working in ordered Banach spaces; need for non-empty order-cone
interval U = [φ−, φ+] leads to concept of global barriers: Barriers for HC
for any aw generated from solutions w to MC with source φ ∈ [φ−, φ+].
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Near-CMC-free global barrier construction
The following is the construction from [HNT08, HNT09].

Lemma (Near-CMC-Free Global Super-Solution)
Let (M, hab) be a 3-dimensional, smooth, closed Riemannian manifold
with metric hab in the positive Yamabe class with no conformal Killing
vectors. Let u be a smooth positive solution of the Yamabe problem

−∆u + aRu − u5 = 0, (2)

and define the Harnack-type constant k = u∧/u∨. If the function τ is
non-constant and the rescaled matter sources ja, ρ, and traceless
transverse tensor σab are sufficiently small, then

φ+ = εu, ε =
h

1
2K1k12

i 1
4 (3)

is a global super-solution of the Hamiltonian constraint.

Proof Outline: Using the notation

E(φ+) = −∆φ+ + aRφ+ + aτφ5
+ − awφ

−7
+ − aρφ−3

+ ,

we have to show E(φ+) > 0. The definition of φ+ = εu implies
−∆φ+ + aRφ+ = ε u5.
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Proof outline (continued)
Using an estimate for aw (see [HNT09]), we have then

E(φ+) > −∆φ+ + aRφ+ −
K1(φ∧+)12 + K2

φ7
+

−
a∧ρ
φ3

+

> ε u5 − K1

hφ∧+
φ∨+

i12
φ5

+ −
K2

φ7
+

−
a∧ρ
φ3

+

.

Notice that φ∧+/φ∨+ = u∧/u∨ = k , therefore we have

E(φ+) > εu5 − K1 k12 (εu)5 − K2

(εu)7 −
a∧ρ

(εu)3

> εu5
h
1− K1 k12ε4 − K2

ε8u12 −
a∧ρ
ε4u8

i
.

Choice of ε made in (3) is equivalent to condition 1/2 = 1− K1 k12ε4.
For this ε, impose on the free data σab, ρ and ja the condition

1
2
− K2

ε8(u∨)12 −
a∧ρ

ε4(u∨)8 > 0.

Thus for any K1 > 0, we can guarantee E(φ+) > 0.
Thus global super-solutions can be built by rescaling solutions to (2).
Existence of k related to Harnack inequality for Yamabe.
Compatible global sub-solutions available so that 0 < φ− 6 φ+.
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A Priori Error Estimates for Galerkin
Galerkin approximation of the Hamiltonian constraint:

Find uh ∈ Xh ⊂ X s.t. a(uh, v) + 〈b(uh), v〉 = f (v), ∀v ∈ Xh ⊂ X .

Natural subspace approximation assumption (X ⊂ H ≡ H∗ ⊂ X∗):

‖u−uh‖H 6 an‖u−uh‖X , if a(u−uh, v)+〈b(u)−b(uh), v〉 = 0, ∀v ∈ X n
h ⊂ X ,

where limn→∞ an = 0. Continuous/Discrete a priori L∞ bounds give:

〈b(u)− b(uh), u − v〉 6 K‖u − uh‖X‖u − v‖X .

We then have our linear approximation result from earlier:

Theorem ([Hol01, HTb])
Quasi-optimal error bounds for Galerkin approximation uh to
Hamiltonian constraint hold (C independent of n):

‖u − uh‖X 6 C inf
v∈Xn

h

‖u − v‖X ,

‖u − uh‖H 6 Can inf
v∈Xn

h

‖u − v‖X .

Similar result for momentum constraint (one has Garding inequality).
Solution and approximation theory is now in place. How about AFEM?
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Abstract Convergence for Nonlinear Equations

Outline:

Nonlinear Equations in Banach Spaces

Petrov-Galerkin Methods; Linear Approximation

Weak-* Residual Convergence of PG Sequences

Convergence of Nonlinear Approximation
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Nonlinear Equations in Banach Spaces

Let X ,Y be Banach spaces (possibly X = Y ), and F : X 7→ Y ∗.
Consider now:

Find u ∈ X such that F (u) = 0 ∈ Y ∗.

As a linear functional on Y , we can consider the “weak” formulation:

Find u ∈ X such that 〈F (u), v〉 = 0, ∀v ∈ Y . (4)

If problem (4) is well-posed, one typically solves for u using a Newton
iteration based on linearization with the G-derivative of 〈F (u), v〉:

〈F ′(u)w , v〉 =
d
dε
〈F (u + εw), v〉

˛̨̨̨
ε=0

.

Given an approximation u0 ≈ u, (global, inexact) Newton iteration is:

(a) Find w ∈ X such that: 〈F ′(uk )w , v〉 = −〈F (uk ), v〉+ r , ∀v ∈ Y
(b) Set: uk+1 = uk + λw

One Discretizes (a)-(b) at “last moment”, producing a matrix equation.
Required Newton steps independent of “h” [e.g., Allgower et. al, 1986].
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Petrov-Galerkin Methods
Petrov-Galerkin (PG) approximation method looks for approximation
uh ≈ u to problem F (u) = 0 satisfying a weak formulation:

Find uh ∈ Xh ⊆ X such that 〈F (uh), vh〉 = 0, ∀vh ∈ Yh ⊆ Y .

Finite Elements (FE) give computable bases for Xh, YH .
In any case, problem is to determine expansion coefficients:

Find uh =
nX

j=1

αjφj such that 〈F (uh), ψi〉 = 0, i = 1, . . . , n,

using Newton methods by solving for corrections wh =
Pn

j=1 γjφj :

AW = G,
U = U + W ,

where


Aij = 〈F ′(uh)φj , ψi )〉,
Gi = −〈F (uh), ψi〉,

Ui = αi ,
Wi = γi .

ff
FE methods effectively manage two critical PG approximation issues:

1 Control of the approximation error: E(u − uh) = ‖u − uh‖X ,
2 Space/time complexity of storing/solving n equations: AW = G.

FE methods also provide a natural mathematical framework for doing
nonlinear approximation, whereby one attempts to minimize n through
error estimates and local (h and/or p) adaptivity, to meet a target (local
or global) approximation error E(u − uh).
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Linear Approximation: A Priori Error Estimate
Quick review of linear approximation for an important class of nonlinear
problems. Consider abstract Galerkin (Xh = Yh) approximation:

Find u ∈ X s.t. A(u, v) + 〈B(u), v〉 = f (v), ∀v ∈ X ,

Find uh ∈ Xh ⊆ X s.t. A(uh, vh) + 〈B(uh), vh〉 = f (vh), ∀vh ∈ Xh ⊆ X .

Assume following hold for solution u and Galerkin approximation uh:
1 Boundedness:

A(w , v) ≤ M‖w‖X‖v‖X , ∀w , v ∈ X , f (v) ≤ L‖v‖X , ∀v ∈ X ,
2 Coercivity:

A(w ,w) ≥ m‖w‖2
X , ∀w ∈ X ,

3 Monotonicity:
(B(w)− B(v),w − v) ≥ 0, ∀w , v ∈ X ,

4 Lipschitz:
(B(u)− B(uh), u − wh) ≤ K‖u − uh‖X‖u − wh‖X , ∀wh ∈ Xh.

Theorem ([Hol01])
(1)–(4) imply quasi-optimal a priori estimate holds:

‖u − uh‖X ≤
„

M + K
m

«
inf

wh∈Xh
‖u − wh‖X .
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A Priori Error Estimate (cont)

Proof: To see this, note that the Petrov-Galerkin solution uh satisfies:

A(u − uh, vh) + 〈B(u)− B(uh), vh〉 = 0, ∀vh ∈ Xh,

which together with monotonicity of B leads to:

m‖u − uh‖2
X ≤ A(u − uh, u − uh)

≤ A(u − uh, u − uh) + 〈B(u)− B(uh), u − uh〉
= A(u − uh, u − wh) + 〈B(u)− B(uh), u − wh〉
≤ (M + K )‖u − uh‖X‖u − wh‖X .

Assuming u − uh 6= 0, division, and noting that wh was arbitrary gives
the result, which we note also hold when u − uh = 0.
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Weak-* Residual Convergence
Consider again our nonlinear problem

Find u ∈ X , such that 〈F (u), v〉 = 0, ∀v ∈ Y . (5)

Definition: u ∈ X is locally unique solution to (5) if there exists
neighborhood U ⊂ X of u s.t. ∀w ∈ U solving (5), we have u = w .

We make the following simple observation. (See also [Rappaz,2006])

Theorem (WEAK-*,[HTZ])
For a continuous map F : X → Y ∗, suppose u ∈ X is solution to (5).
Assume also u is locally unique in U ⊆ X . Let {uk} ⊂ U be a sequence
converging to some u∗ ∈ U with F (uk )

∗
⇀ 0, meaning that

lim
k→∞
〈F (uk ), v〉 = 0, v ∈ Y . (6)

Then we have u∗ = u.

Proof: Proof follows from continuity of F , uniqueness of u in U, and

〈F (u∗), v〉 = 〈F (u∗)− F (uk ), v〉+ 〈F (uk ), v〉
6 ‖F (u∗)− F (uk )‖Y∗‖v‖Y + | 〈F (uk ), v〉 |.

Key Play: Remarkably, F (uk )
∗
⇀ 0 is enough to ensure uk → u∗ = u.
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PG Sequences
Practical generation of such sequences {uk} via Petrov-Galerkin: With

X0 ⊂ X1 ⊂ . . . ⊂ X , Y0 ⊂ Y1 ⊂ . . . ⊂ Y , X∞ =
∞[

k=1

Xk , Y∞ =
∞[

k=1

Yk .

consider {uk ∈ Xk} ⊂ X coming from solving Petrov-Galerkin systems:

Find uk ∈ Xk , such that 〈F (uk ), v〉 = 0, ∀v ∈ Yk . (7)

Note: Generally X∞ 6= X and Y∞ 6= Y in adaptive case.
Introduce bilinear form b : X × Y → R : from linearizing F at u:

b(x , y) = 〈F ′(u)x , y〉, ∀x ∈ X , ∀y ∈ Y .

Motivated by [Morin,Siebert,Veeser,2007] for linear case, assume F ′(u)
satisfies inf-sup conditions on X ,Y and Xk ,Yk , ∀k :

inf
x∈X ,‖x‖X =1

sup
y∈Y ,‖y‖Y =1

b(x , y) = inf
y∈Y ,‖y‖Y =1

sup
x∈X ,‖x‖X =1

b(x , y) = β0 > 0, (8)

inf
x∈Xk ,‖x‖X =1

sup
y∈Yk ,‖y‖Y =1

b(x , y) = inf
y∈Yk ,‖y‖Y =1

sup
x∈Xk ,‖x‖X =1

b(x , y) ≥ β1 > 0. (9)

Equivalent to assuming F ′(u) an isomorphism from X to Y ∗ with
‖F ′(u)−1‖L(Y∗,X) = β−1

0 .
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A Priori Estimates for PG Sequences

It is shown in [Morin,Siebert,Veeser,2007] that inf-sup condition also
holds in X∞,Y∞; same proof works here (with u fixed).

We then have the following general result for the nonlinear case.

Theorem (ESTIMATES,[HTZ])
Suppose equation (5) and the discretization (7) satisfy the inf-sup
conditions (8), (9) respectively. Moreover, suppose that F ′ is Lipschitz
continuous at u, that is,

∃ε0 and L such that for all w ∈ X , ‖u − w‖X ≤ ε0

‖F ′(u)− F ′(w)‖L(X ,Y∗) ≤ L‖u − w‖X .

If in addition F0 satisfies a technical (but reasonable) local boundedness
condition, then for any k ≥ 0 such that X0 ⊂ Xk , there exist a constant
δ1 > 0 such that equation (7) has a locally unique solution uk ∈ Xk in
B(u, δ1). Moreover, we have the error estimates:

‖u − uk‖X ≤ 2‖b‖
β0

„
1 +
‖b‖
β1

«
min
χk∈Xk

‖u − χk‖X , (10)

‖u − uk‖X ≤ 4
β0
‖F (uk )‖Y∗ , ∀k ≥ k0. (11)

Here, (A) is a consistency assumption on F0, and

‖b‖ := sup{b(x , y) : x ∈ X , y ∈ Y s.t. ‖x‖X = ‖y‖Y = 1}=‖F ′(u)‖L(X ,Y∗).
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Results for PG Sequences

Based on Theorem (ESTIMATES), we have the following:

Corollary ([HTZ])
Let conditions in Theorem (ESTIMATES) Hold. Then we have:

‖u∞ − uk‖X ≤ C inf
χk∈Xk

‖u∞ − χk‖X , ∀k = 0, 1, · · · .

Proposition ([HTZ])
Let the conditions in Theorem (ESTIMATES) hold. Then there exists a
neighborhood B of u, s.t. for k ∈ N0 ∪ {∞}, equation (7) has locally
unique solution uk ∈ B. Furthermore, we have lim

k→∞
uk = u∞ in X .

Finally, while generally X∞ 6= X in adaptive case, nevertheless we have

Theorem (CONVERGENCE,[HTZ])
Let conditions in Theorems (ESTIMATES) and (WEAK-*) hold. Then
{uk} converges to the exact solution u to (5).
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Convergence of Nonlinear Approximation
Key Play: If F is Lipschitz at solution u, satisfies continuous and discrete
inf-sup conditions at u, and approximation F0 to F on X0 sufficiently
good, then it suffices to generate sequence {uk} s.t. F (uk )

∗
⇀ 0.

What is the most general AFEM-like setup in which one can build {uk}
approximating u such that F (uk )

∗
⇀ 0?

lp-Banach presheaves (which are basically Banach spaces with local
structure) allow for an abstraction of AFEM algorithms with
SOLVE-ESTIMATE-MARK-REFINE structure, giving an adaptive
construction of subspaces Xk ⊂ X and corresponding PG
approximations uk whereby one can prove F (uk )

∗
⇀ 0.

With this AFEM abstraction, can recover the existing convergence
results for linear and nonlinear problems using this weak-* framework.

Sobolev spaces on Riemannian manifolds are a particular example of
lp-Banach presheaves; weak-* framework then covers case of AFEM
approximation of geometric PDE on Riemannian manifolds.

HOWEVER, cannot build subspaces; PG sequence lives on simplicial
approximations. Error estimates involve lifting as in Dziuk(1988) and
Demlow/Dziuk(2006), but treated as perturbations (Strang-Lemma like).

See [HTZ] for details...
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AFEM Contraction for Nonlinear Equations

Outline:

A General Contraction Result

Nonlinear Quasi-Orthogonality

AFEM Defined: SOLVE-ESTIMATE-MARK-REFINE

Nonlinear Indicator Reduction

Contraction of AFEM
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General Contraction Result: Setup

We need a little more structure to get contraction rather than just
convergence.

What we want to do now is essentially extend the recent framework for
linear problems in [Cascon, Kreuzer, Nochetto, Siebert, 2007] to
semilinear problems, and also to general nonlinear problems.

We note that previous non-contraction-type convergence results for
nonlinear problems have appeared already in [Veeser, 2002],
[Carstenson, 2005], [Chen, H, Xu, 2006]. In fact, Dorfler’s 1995 paper
has a result for a nonlinear Poisson equation.

We are going to try to generalize [Cascon, Kreuzer, Nochetto, Siebert,
2007] to nonlinear problems by working with three assumptions that can
potentially be established in the nonlinear case:

Quasi-orthogonality

Upper-bound

Indicator reduction
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A General Contraction Result
Here is the basic setup:

We have Hilbert spaces XH ⊂ Xh ⊂ X , with a norm ||| · ||| on X inherited by
subspaces, and with (for the moment, arbitrary and unrelated) uH ∈ XH ,
uh ∈ Xh, and u ∈ X .
We will use the notation for the errors:

eh = |||u − uh|||, eH = |||u − uH |||, EH = |||uh − uH |||.

We have “indicator functionals”:

ηh : Xh → R, ηH : XH → R,

with the idea that: ηh(uh) ≈ eh, ηH (uH ) ≈ eH .

Three fundamental assumptions relating five quantities above:

Assumption: [Quasi-Orthogonality] There exists Λ > 1 such that

e2
h 6 Λe2

H − E2
H . (12)

Assumption: [Upper-Bound] There exists C1 > 0 such that

e2
h 6 C1η

2
h , eH 6 C1η

2
H . (13)

Assumption: [Indicator Reduction] There exists C2 > 0, ω ∈ (0, 1) such that

η2
h 6 C2E2

H + (1− ω)η2
H . (14)

UCSD Center for Computational Mathematics September 16, 2009 Slide 29/50



Convergence of
AFEM for

Geometric PDE

Michael Holst

Outline

Geometric PDE
in Physics
Einstein Constraints

35-year-old Problem

L∞ Estimates

A Priori Error Estimates

Nonlinear
Equations
Nonlinear Equations

Petrov-Galerkin (PG)

Weak-* PG Residual

Convergence

AFEM
Contraction
General Contraction

Quasi-Orthogonality

AFEM Defined

Indicator Reduction

Contraction

Examples

References

A General Contraction Result
Using only these three abstract assumptions, one has this generalization of
[Cascon, Kreuzer, Nochetto, Siebert, 2007]

Theorem (Abstract Contraction [HTZ])
Let Assumptions (12), (13), and (14) hold. Let β ∈ (0, 1) be arbitrary, and
assume the constant Λ in Assumption (12) satisfies the bound:

1 6 Λ < 1 +
βω

C1C2
. (15)

Then there exists γ > 0 and α ∈ (0, 1) such that:

|||u − uh|||2 + γη2
h 6 α2

“
|||u − uH |||2 + γη2

H

”
, (16)

where γ can be taken to be anything in the non-empty interval

(Λ− 1)C1

βω
< γ < min


1

C2
,

ΛC1

βω

ff
, (17)

and where α is subsequently given by

0 < α2 = max{α2
1, α

2
2} < 1, (18)

0 < α2
1 = Λ−

βωγ

C1
< 1, 0 < α2

2 = 1− [1− β]ω < 1. (19)
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Quasi-Orthogonality
Let us examine this one first. From the triangle inequality in X , we have

‖u − uH‖X = ‖u − uh + uh − uH‖X

6 ‖u − uh‖X + ‖uh − uH‖X , (20)

which implies

‖u − uH‖2
X 6 (‖u − uh‖X + ‖uh − uH‖X )2

6 2
“
‖u − uh‖2

X + ‖uh − uH‖2
X

”
, (21)

or finally
λX‖u − uH‖2

X 6 ‖u − uh‖2
X + ‖uh − uH‖2

X , (22)

with λX = 1/2. If the norm ‖ · ‖X on X is induced by an inner product
‖ · ‖X = (·, ·)1/2

X , and if orthogonality holds (u − uh, uh − uH )X = 0, then of
course we have the sharper Pythagorean Theorem:

‖u − uH‖2
X = ‖u − uh‖2

X + ‖uh − uH‖2
X . (23)

Quasi-orthogonality refers to giving up on the idea of orthogonality and hence
giving up on (23), and instead settling for inequality in the other direction to
supplement (22):

ΛX‖u − uH‖2
X > ‖u − uh‖2

X + ‖uh − uH‖2
X , (24)

for some ΛX > 1, which is convenient to write in the form

‖u − uh‖2
X 6 ΛX‖u − uH‖2

X − ‖uh − uH‖2
X . (25)
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Quasi-Orthogonality

We wish now to develop general conditions for establishing (25). It will be critical
for us to be able to establish (25) with constant ΛX very close to one; this will only
be possible if u − uh and uh − uH are nearly “orthogonal” in some generalized
sense, which implies that we must work with a norm related to the
Petrov-Galerkin (PG) “projection” process. Therefore, consider a bilinear form on
X and an associated pseudo-norm:

a : X × X → R, |||w |||2 = a(w ,w), ∀w ∈ X , (26)

satisfying a standard Cauchy inequality:

a(w , v) 6 |||w ||||||v |||, ∀w , v ∈ X , (27)

and with a(·, ·) continuous on X × X for M > 0:

a(w , v) 6 M‖w‖X‖v‖X , ∀w , v ∈ X . (28)

We are mainly interested in establishing quasi-orthogonality w.r.t. ||| · |||:

|||u − uh|||2 6 Λa|||u − uH |||2 − |||uh − uH |||2, (29)

where Λa > 1 can be made very close to one by various arguments.
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Quasi-Orthogonality

As a tool for establishing quasi-orthogonality, it will be useful if a(·, ·) satisfies
strengthened Cauchy inequalities of the form:

a(u − uh, vh) 6 γa|||u − uh||||||vh|||, a(vh, u − uh) 6 γa|||u − uh||||||vh|||, (30)

∀vh ∈ Xh, γa ∈ (0, 1),

where u ∈ X will often play the role of the solution to an operator equation
involving a(·, ·), and uh ∈ Xh will usually be its PG approximation.

Theorem
Assume the bilinear form a : X × X → R satisfies the strengthened Cauchy
inequality (30). Then quasi-orthogonality holds w.r.t. ||| · |||:

|||u − uh|||2 6 Λa|||u − uH |||2 − |||uh − uH |||2, (31)

where Λa = 1/(1− γa) > 1.

The proof of Theorem 11 makes is clear that in order for us to be able to
establish (31) with constant Λa > 1 very close one, we will need to be able to
establish (30) with constant γa ∈ (0, 1) very close to zero.
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Quasi-Orthogonality for Two Classes

We consider now two classes of nonlinear problems for which we can establish
quasi-orthogonality (31) with constant Λa > 1 arbitrarily close to one.

It will be useful below if a(·, ·) also satisfies a coercivity inequality for m > 0:

m‖w‖2
X 6 |||w |||2 = a(w ,w), ∀w ∈ X . (32)

To consider a weaker condition than coercivity, it will be useful have an
intermediate (typically Hilbert) space Z as part of a (Gelfand) triple X ⊂ Z ⊂ X ′
of Banach spaces, with continuous embedding of X into Z .

A Gårding inequality with m > 0 and CG > 0 for the form a(·, ·) is then a
possibility:

m‖w‖2
X 6 |||w |||2 + CG‖w‖2

Z , ∀w ∈ X . (33)

To exploit (33), we will also need a lifting inequality between X and Z when
uh ∈ Xh and uH ∈ XH are approximations of u ∈ X :

‖u − uh‖Z 6 CLσh‖u − uh‖X , ‖uh − uH‖Z 6 CLσh‖uh − uH‖X , (34)

It is assumed that σh can be made arbitrarily small for sufficiently large
subspaces XH ⊂ Xh ⊂ X , where typically uH ∈ XH and uh ∈ Xh are PG
approximations to u ∈ X .
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Quasi-Orthogonality for General F

We first consider general nonlinear operators F : X → Y∗, where for simplicity
we assume X = Y , Xh = Yh, and XH = YH . We have the equations for u ∈ X
and its PG approximations uh ∈ Xh and uH ∈ XH :

〈F (u), v〉 = 0, ∀v ∈ X , (35)

〈F (uh), vh〉 = 0, ∀vh ∈ Xh, (36)

〈F (uH ), vH〉 = 0, ∀vH ∈ XH . (37)

We need to work locally in an ε0-ball around u ∈ X for some ε0 > 0; we assume
that

‖u − uh‖X 6 ε0, ‖u − uH‖X 6 ε0. (38)

We will assume that F ′ is Lipschitz continuous the ε0-ball around u, namely that
there exists a Lipschitz constant L > 0 such that

‖F ′(u)− F ′(w)‖L(X ,X∗) 6 L‖u − w‖X , ∀w ∈ X s.t. ‖u − w‖X 6 ε0. (39)

Define now the bilinear form

a : X × X → R, a(w , v) = 〈F ′(u)w , v〉. (40)
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Strengthened Cauchy-Schwarz for General F

We then have the strengthened Cauchy inequality locally in the ε0-ball.

Lemma
Let u, uh, and uH satisfy (35)–(37), and let the Locality (38) and Lipschitz (39)
conditions hold, with a(·, ·) defined as in (40).

(1) If a(·, ·) satisfies the coercivity inequality (32), then a(·, ·) satisfies the
strengthened Cauchy inequality (30) with γa = ε0L/(2m) ∈ (0, 1)
arbitrarily small for ε0 sufficiently small.

(2) If a(·, ·) satisfies the Gårding inequality (33), and if also the Lifting
inequality (34) holds, then a(·, ·) satisfies the strengthened Cauchy
inequality (30) with γa,h = ε0L/(2[m − CGC2

Lσ
2
h ]) ∈ (0, 1) arbitrarily small

for ε0 and σh sufficiently small.

The constants γa and γa,h can be made arbitrarily small for sufficiently small ε0
and σh.
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Local Quasi-Orthogonality for General F
We finally have then quasi-orthogonality locally in the ε0-ball.

Theorem
Let u, uh, and uH satisfy (35)–(37), and let the Locality (38) and Lipschitz (39)
conditions hold, with a(·, ·) defined as in (40).

(1) If a(·, ·) satisfies the coercivity inequality (32), then quasi-orthogonality
w.r.t. ||| · ||| holds for ε0 > 0 sufficiently small:

|||u − uh|||2 6 Λa|||u − uH |||2 − |||uh − uH |||2, (41)

with
Λa =

1
1− ε0L/(2m)

> 1. (42)

(2) If a(·, ·) satisfies the Gårding inequality (33), and if also the Lifting
inequality (34) holds, then quasi-orthogonality w.r.t. ||| · ||| holds for ε0 > 0
and σh > 0 sufficiently small:

|||u − uh|||2 6 Λa,h|||u − uH |||2 − |||uh − uH |||2, (43)

with
Λa,h =

1
1− ε0L/(2[m − CGC2

Lσ
2
h ])

> 1. (44)

Note Λa and Λa,h can be made arbitrarily close to one for sufficiently small ε0, σh.
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Quasi-Orthogonality for Semilinear F
Consider then the case that F : X → Y∗ has the form

F (u) = Au + B(u), A ∈ L(X ,Y∗), B : X → Y∗, (45)

and also for simplicity, X = Y , Xh = Yh, and XH = YH . The operators A and B
define the forms

a : X × X → R, a(u, v) = 〈Au, v〉, (46)

b : X × X → R, 〈b(u), v〉 = 〈B(u), v〉. (47)

We have the equations for u ∈ X and its PG approximations uh ∈ Xh and
uH ∈ XH :

a(u, v) + 〈b(u), v〉 = 0, ∀v ∈ X , (48)

a(uh, vh) + 〈b(uh), vh〉 = 0, ∀vh ∈ Xh, (49)

a(uH , vH ) + 〈b(uH ), vH〉 = 0, ∀vH ∈ XH . (50)

We will need the following Lipschitz property (globally in X ) for term B(·):

〈b(u)− b(uh), vh〉 6 K‖u − uh‖Z ‖vh‖X , ∀vh ∈ Xh, (51)

where u is the exact solution and uh is the PG approximation in Xh, and where Z
is as above. By splitting the operator F into a linear part A which will satisfy
continuity and Gårding-type assumptions, and a remainder B which will satisfy
only the Lipschitz assumption, we will be able to establish both strengthened
Cauchy inequalities and subsequently quasi-orthogonality, globally in X , for a
large class of nonlinear problems.
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Global Quasi-Orthogonality for Semilinear F
First we have the strengthened Cauchy inequality (globally in X ):

Lemma
Let u, uh, and uH satisfy (48)–(50), and let the Lipschitz (51) and Lifting (34)
conditions hold, with a(·, ·) defined as in (46).

If a(·, ·) satisfies the Gårding inequality (33), then a(·, ·) satisfies the
strengthened Cauchy inequality (30) with γa,h = KCLσh/(m − CGC2

Lσ
2
h) ∈ (0, 1)

arbitrarily small for σh sufficiently small. The constant γa,h can be made
arbitrarily small for sufficiently small σh.

We finally have then quasi-orthogonality (globally in X ):

Theorem
Let u, uh, and uH satisfy (48)–(50), and let the Lipschitz (51) and Lifting (34)
conditions hold, with a(·, ·) defined as in (46). If a(·, ·) satisfies the Gårding
inequality (33), then quasi-orthogonality w.r.t. ||| · ||| holds for σh > 0 sufficiently
small:

|||u − uh|||2 6 Λa,h|||u − uH |||2 − |||uh − uH |||2, (52)

with
Λa,h =

1
1− KCLσh/(m − CGC2

Lσ
2
h)

> 1. (53)

We note that Λa,h can be made arbitrarily close to one for sufficiently small σh.

UCSD Center for Computational Mathematics September 16, 2009 Slide 39/50



Convergence of
AFEM for

Geometric PDE

Michael Holst

Outline

Geometric PDE
in Physics
Einstein Constraints

35-year-old Problem

L∞ Estimates

A Priori Error Estimates

Nonlinear
Equations
Nonlinear Equations

Petrov-Galerkin (PG)

Weak-* PG Residual

Convergence

AFEM
Contraction
General Contraction

Quasi-Orthogonality

AFEM Defined

Indicator Reduction

Contraction

Examples

References

The Two Nonlinear Convergence Frameworks

We have discussed two abstract convergence frameworks:

Weak-*:
This framework was in the setting of general maps F : X → Y , where X
and Y are abstract Banach spaces. To get limk 7→∞ uk = u for nonlinear
problems of this type, all we need to do (modulo the assumptions on F
needed for Theorem CONVERGENCE) is generate sequences {uk} such
that F (uk )

∗
⇀ 0.

What remains: Prove that the particular sequence {uk} generated by a
particular AFEM algorithm has the weak-* residual property.

Contraction-*:
This framework was also in the setting of general maps F : X → Y , but we
needed X = Y , and also used that X was a Hilbert space. We either had
to assume F had some useful local properties similar to those above for
the Weak-* framework, or we assumed F has semilinear structure and
some global properties.

What remains: Establish a global upper-bound for the particular indicator,
and establish the indicator reduction result for the particular indicator.

Evidently: In either case, we need to actually define an AFEM algorithm at this
point (on slide 40 out of 49 slides).
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Nonlinear Approximation and AFEM
Let us consider now Adaptive FEM (AFEM) for as a nonlinear approximation
technique for building {uk} adaptively using standard AFEM technology.

Q1: Can we show F (uk )
∗
⇀ 0 for the Weak-* framework?

(Yes; see the paper.)

Q2: Can we show upper bound and indicator reduction for contraction?
(Yes; we outline this below.)

AFEM-type SOLVE-ESTIMATE-MARK-REFINE algorithms attempt to
equi-distribute error over simplices using subdivision driven by a posteriori error
estimates:

Construct problem (build mesh, define PDE coefficients, etc)

While (E(u − uh) is “large”) do:

1 SOLVE: Find uh ∈ Xh s.t. 〈F (uh), vh〉 = 0,∀vh ∈ Yh
2 ESTIMATE: Estimate E(u − uh) per element.
3 MARK: Mark subset of elements with large error.
4 REFINE:

A Place marked simplices in Q1, set Q2 = ∅.
B Bisect simplices in Q1; place nonconforming in Q2.
C Swap Q1 and Q2, set Q2 = ∅. If Q1 6= ∅, goto B.

end while
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SOLVE-ESTIMATE-MARK-REFINE
Given initial triangulation T0, and parameter θ ∈ (0, 1], AFEM generates
sequence of nested conforming triangulations Tk , k > 0 via
SOLVE-ESTIMATE-MARK-REFINE. How we do each phase:

SOLVE: Standard inexact Newton + multilevel gives:

U = SOLVE(T ).

ESTIMATE: We use the following indicator(s):

η2
T (V ,T ) := h2

T ‖R(V )‖2
L2(T )

+ hT ‖J(V )‖2
L2(∂T∩Ω)

,

osc2(V ,T ) := h2
T ‖P

2
2n−2R(V )‖2

L2(T )
+ hT ‖P2

2n−1J(V )‖2
L2(∂T∩Ω)

,

where R(V ) is strong residual, J(V ) is jump term, Pp
m := id −Πp

m, with Πp
m

best Lp-approximation onto (discont.) polys of deg 6 m. (third term for
Robin)
MARK: we use “Dorfler marking”: For θ ∈ (0, 1], set

M⊂ MARK ({ηT (V ,T )}T∈T , T , θ) ⊂ T , (54)

such that ηT (V ,M) > θηT (V , T ).
REFINE: We use standard non-degenerate bisection-to-conformity: For
b > 1,

T∗ = REFINE(T ,M, b).

UCSD Center for Computational Mathematics September 16, 2009 Slide 42/50



Convergence of
AFEM for

Geometric PDE

Michael Holst

Outline

Geometric PDE
in Physics
Einstein Constraints

35-year-old Problem

L∞ Estimates

A Priori Error Estimates

Nonlinear
Equations
Nonlinear Equations

Petrov-Galerkin (PG)

Weak-* PG Residual

Convergence

AFEM
Contraction
General Contraction

Quasi-Orthogonality

AFEM Defined

Indicator Reduction

Contraction

Examples

References

A Final Assumption
We now reduce establishing Assumption (14) to a simpler nonlinear local
perturbation Assumption (55), then show how to establish it for several nonlinear
problems.

In what follows, we replace the subscript h in uh by some integer k for the
obvious reason. Also, to simplify the presentation, we will often denote

ek = |||u − uk |||, Ek = |||uk − uk+1|||,

ηk = η(uk , Tk ), ηk (Mk ) = η(uk ,Mk ), η0(D) = η0(D, T0),

where D represents the set of problem coefficients and nonlinearity. We also
denote Vk := VD(Tk ) for simplicity.

Assumption: [Nonlinear Local Perturbation] Let T be a conforming partition.
For all τ ∈ T and for any pair of permissible discrete functions v ,w ∈ VD(T ), it
holds that

η(v , τ) 6 η(w , τ) + Λ̄1η(D, τ)‖v − w‖1,ωτ , (55)

where Λ̄1 > 0 depends only on the shape-regularity of T0, and where η(D, τ)
depends only on appropriate norm behavior of the equation coefficients over the
local one-ring of elements surrounding τ , and on the Lipschitz properties on τ of
the nonlinearity acting on permissible functions in VD(T ). The parameter η(D, τ)
is assumed to be monotone non-increasing with mesh refinement.
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The Indicator Reduction Assumption
Based on Assumption (55), we have the following which generalizes the linear
case appearing in [Cascon, Kreuzer, Nochetto, Siebert, 2007].

Lemma (Perturbed Indicator Reduction)
Let T be a partition, and let the parameters θ ∈ (0, 1] and m > 1 be given. Let
M = MARK({η(v , τ)}τ∈T , T , θ), and let T∗ = REFINE(T ,M,m). If
Λ1 = (d + 1)Λ̄2

1/m with Λ̄1 from Assumption (55) and λ = 1− 2−(m/d) > 0, then
for all permissible v ∈ VD(T ), v∗ ∈ VD(T∗), and any δ > 0, it holds that

η2(v∗, T∗) 6 (1 + δ)[η2(v , T )− λη2(v ,M)] + (1 + δ−1)Λ1η
2(D, T0)|||v∗ − v |||2.

We now make use of Dörfler marking (54) to ensure Assumption (14) holds.

Lemma
Let the conditions for Lemma 16 hold. Let the Dorfler marking property (54) hold
for some θ ∈ (0, 1], and restrict δ > 0 in Lemma 16 so that

0 < δ <
λθ2

1− λθ2
. (56)

Then Assumption (14) holds with C2 = (1 + δ−1)Λ1η
2(D, T0) and with

ω = 1− (1 + δ)(1− λθ2) ∈ (0, 1). (57)
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Finally Contraction

Theorem (Contraction)
Let Assumptions (12) (quasi-orthogonality), (13) (indicator domination of error),
(55) (local perturbation), and (54) (Dorfler marking) hold. Let β ∈ (0, 1) be
arbitrary, let δ > 0 satisfy

0 < δ <
λθ2

1− λθ2
, (58)

and assume the constant Λ in Assumption (12) satisfies the bound:

1 6 Λ < 1 +
βω

C1C2
, (59)

where C2 = (1 + δ−1)Λ1η
2(D, T0) and ω = 1− (1 + δ)(1− λθ2) ∈ (0, 1). Then

there exists γ > 0 and α ∈ (0, 1) such that:

|||u − uh|||2 + γη2
h 6 α2

“
|||u − uH |||2 + γη2

H

”
, (60)

where γ can be taken to be anything in the non-empty interval

(Λ− 1)C1

βω
< γ < min


1

C2
,

ΛC1

βω

ff
, (61)

and where α is subsequently given by 0 < α2 = max{α2
1, α

2
2} < 1,

with 0 < α2
1 = Λ− βωγ

C1
< 1, 0 < α2

2 = 1− [1− β]ω < 1.
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Some Examples using FETK

An AFEM numerical example from [KAH+].
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Some Examples using FETK

An AFEM numerical example from [KAH+].

UCSD Center for Computational Mathematics September 16, 2009 Slide 47/50



Convergence of
AFEM for

Geometric PDE

Michael Holst

Outline

Geometric PDE
in Physics
Einstein Constraints

35-year-old Problem

L∞ Estimates

A Priori Error Estimates

Nonlinear
Equations
Nonlinear Equations

Petrov-Galerkin (PG)

Weak-* PG Residual

Convergence

AFEM
Contraction
General Contraction

Quasi-Orthogonality

AFEM Defined

Indicator Reduction

Contraction

Examples

References

Some Examples using FETK

An AFEM numerical example from [KAH+].
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Some Examples using FETK

An AFEM numerical example from [KAH+].
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A More Complex Example: Some Isosurfaces
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